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SYSTEMS OF DIFFERENTIAL EQUATIONS OF / 
THE SECOND ORDER 


By D. D. KOSAMBI (Poona) 
[Received 5 February 1934; in revised form 12 July 1934] 


THIS paper can be regarded as a collection of notes in extension of 
my previous work, giving further relations between geometrical con- 
cepts such as curvature, metric, isotropy, and others which are 
reserved for linear differential equations: invariants, the Schwarzian 
derivative, self-adjoint . ystems. I have recently* shown that the 
essential qualities of second-order differential geometries can be 
traced to the tensor invariance of the equations that define their 
paths. This disposes of the severe restrictions formerly imposed,t 
which made the geometry correspond to that of kinematical move- 
ment, whereas we can now deal with more general dynamical systems. 

In the classical Riemannian geometry, the fundamental tensor 
gives the metric, and also the important process of association, i.e. of 
raising and lowering tensor indices. The absence of such a process 
of association makes the usual affine differential path-geometries use- 
less for the purposes of mathematical physics. But, if the Riemannian 


metric be replaced by a more general integrand of a regular problem 
in the calculus of variations, the process of association is still avail- 
able; it is further shown that, curiously enough, any plausible 
formulation of such a law for raising or lowering indices must in- 
evitably lead to simple conditions for the existence of a metric. 

The work being primarily one of interpretation, I have adopted 
and emphasized formal methods. 


1. The system of differential equations 
£'+a'(r, #,t) = 0 (s = 1, 2,..., 2) (I) 
can be dealt with geometrically by means of the tensorial operator 
of differentiation, called the bi-derivate, defined as follows: 
Dui = w'+4al.v’, 
Du, = 0,—4oal,v,, ¢ = <4 ete. (1.1) 


dt 
Here the repeated index in subscript and superscript denotes sum- 
mation over all n values, w' is taken as a general contravariant vector, 
* D. D. Kosambi (1). + J. Douglas (2). 
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2 D. D. KOSAMBI 
v; as covariant. For tensors of any rank, the operation can be defined 
by analogy with ordinary covariant differentiation in Riemannian 


geometry. The comma and semicolon in subscript denote partial 


differentiation: : : 
: oF : oF 
F,=4, F,- 


oa* © Gah 


In speaking of tensor invariance, we mean the usual transforma- 


tion law under change of coordinates: x <-> &, 


ox' Ox" 
r i=% 


u (1.3) 


Bae "oat 
Here the transformation group is taken to be 
¢ = &. (1.4) 


Thus the parameter ¢ is absolute. In fact, its main function is to 
prevent the occurrence of differentials, though more generality is 
gained by allowing it to occur explicitly in the a’. 

The operation D applied to a tensor of any rank converts it into 
another of precisely the same rank; this necessarily restricts the a‘. 
Since # is a vector, as also Dz’, the system (I) can be put into the 


form “4 ) 4 i 1 ad ot yi 5 
tal = Daltat—Jeral, = 0. (1.5) 


If D is a vector differentiation, it is necessary and sufficient for 
the tensor invariance of (I) that the n quantities «' = a'— }a!.a" form 
the components of a vector. In our invariant dynamics Dz‘ is the 
acceleration, —«' the force, for the generalized coordinates x‘. The 
residual vector ¢’ is a differential invariant of our geometry, and 
the restrictions mentioned before* assumed it to be identically null. 
An integral curve of (I) will be called a path of our space, the space 
itself being represented by the totality of paths in the neighbourhood 
of any given point. 

If the paths are varied into nearby paths by means of the trans- 
formation «' = x'+ wu‘ 57, one obtains for a first approximation in 57 
the equations of variation 

ti'told’+a',u" = 0. (IT) 
Since wu‘ is a vector, these can be put into the invariant form 
Diu! = Pia’, (1.6) 


. >i , 2 ee ee "Se ee tee 
where P; = ON — FO" Ong + SE O's + J 


* J. Douglas (2). 





ON SYSTEMS OF DIFFERENTIAL EQUATIONS 3 
In this and similar discussions it must be understood that some 
arbitrary path is fixed as the base along which whatever operation 
may be indicated is assumed to take place. Thus total differentiation 
with respect to t would mean the operation 
$= a +e (1.7) 
The mixed tensor P; has a claim to being called the curvature 
tensor of the path-space (I), and is an important differential in- 
variant. It should be noted that the equations (1.6) are often called 
those of geodesic deviation;* moreover, if u‘ represents a vector field 
in (1.6), it also represents an infinitesimal transformation which 
generates a one-parameter continuous group carrying paths into 
paths: a collineation of the space. For the simpler types of path- 
spaces, a group of higher order can be shown to exist. 


2. The roots of the determinantal equation 


3 (LG=d. 


Pi+ASi| = 0, 
| Pi+-28;| = 0, I= louGsp (2.1) 


are the invariants of (1) and (II). 

First, it is seen that these roots are actually invariant under a 
change of coordinates. In fact, P} and 8} are both mixed tensors, 
and the determinant preserves its form on transformation. The title 
invariant given to a root of (2.1) can be further justified. Consider 


the single linear differential equation 
t+ p(t)i+gq(t)x = 0. (2.2) 
Here n = 1, and a! = p#+qzx. The tensor P} is merely the single 


element 
ld a 
PE= —9+5 7 +ip* (2.3) 


The equation (2.1) reduces to P}+-A = 0, and the solitary root is 
precisely what is usually called the invariant of (2.2) in reducing it 
to the canonical form 

é+Iz=0, I= q—}p'—}p*. (2.4) 

Now it is not possible to demonstrate a general reduction theorem 
for the system (II). But suppose that there exist two proportional 
solutions wu‘ and pu’ of the equations of variation, excluding the 


* T. Levi-Civita (3). + L. P. Eisenhart (4). 











4 D. D. KOSAMBI 

trivial case p = constant. Inasmuch as Dp = dp/dt = p, we find that 
Diag! == Piaf, D*(put) = pPiw’, (2.5) 

must hold simultaneously. Whence 


Dut = — Ls u*. 
2p 


Operating again with D, we get 
w[Pi+}3!A(p,t)] = 0. 
Here A(p,t) is the expression 


This, as is seen, is the Schwarzian derivative of the factor p taken 
along the base. 

A necessary condition for the existence of non-trivially proportional 
solutions of the equations of variation is that 

A(p,t) = 2J, (2.9) 
where I is a root of |Pi+-r8;| = 0. 

In general, the condition is not sufficient except when n = 1; 
(2.9) is the classic relation between the Schwarzian derivative and 
the invariant. 

The roots of |P' +A8} | = 0 represent oscillation numbers, at least 
when (I) is a system of linear differential equations with constant 
coefficients. We can then choose principal directions for the vector 
u‘ and reduce all the equations of variation simultaneously to the 
normal form. If the roots are positive, the dynamical system is 
stable; otherwise the system is unstable. One would like to assert 
this for the most general system (I), though, obviously, the validity 
of such an assertion depends upon the reducibility of (II) to the 
canonical form. Nevertheless, the roots characterize the path-space. 
For instance, isotropy would imply the equality of n—1 of the roots 
along every path. For the Riemannian isotropic spaces, one root will 
vanish to permit elimination of the parameter, and all the others 
will be equal to the constant isotropic curvature multiplied by the 
fundamental quadratic form; moreover, the roots are constant along 
any path because the metric is a constant along every geodesic. 

3. A metric for the space will naturally be taken to mean the 


integrand of some variational principle whereof (I) represents the 
extremals. It is known that a necessary and sufficient condition for 
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the existence of such a principle is that (II) should be self-adjoint.* 
This fact, however, is worth discussing at length because of the 
geometrical mechanism that can be displayed during the process. 

If we follow the original Lagrangian procedure of finding the 
’ system adjoint to (II) by searching for an integrating factor of (IT), 
we obtain the required equations as 
i Fc, af) +0, af, = 0. (3.1) 
In the invariant notation this is 
D*v, = Pi v,. (3.2) 
But w‘ is a contravariant vector, and v; the solution of the adjoint 
is covariant. Therefore, 
The term self-adjoint has no meaning without some method for asso- 
ciating covariant and contravariant magnitudes. 
Let the covariant components u; of a general contravariant vector 


u' be given by the law u; = $x, a, u",t). (3.3) 
We are then justified in postulating that under such a law the 
bi-derivates Du; and Du’ are also associate vectors. This gives 


— oF fig + 8b, + tt wr Ot Jag, = (x, %, w+ hah, u,t). (3.4) 
é 


v 
Cu" 


a 
- 


The equation must hold for all vectors uw‘ and is therefore to be 
regarded as an identity in wu‘ and a‘. Hence the functions ¢; must 
have the form b; = wd, (a, a, t)+b(2, a, t). (3.5) 

In this ¢,; will be a covariant tensor of rank two, ¥; a covariant 
vector. Neither can contain u’. Moreover, 


Du; = wD}d;,+ $j, Du’ + Dy, (3.6) 
where D¢,; is defined as explained in the first section by 


d 
D¢i; = Tei 2P ir aj — dps Of. (3.7) 
But our postulate requires that 
Du; ra dir Du" + yj. (3.8) 
The implications of (3.4) can therefore be summed up in a theorem: 


The only law of vector association which also makes the bi-derivates 
associate vectors is linear: 


ul = dw +yH;, Di; = 9, Dp; = Yi. (3.9) 
* D. R. Davis (5). 











D. D. KOSAMBI 
The vector %; can be disposed of by means of the additional postu- 
late that, whenever a vector is null, all the components of its associate 
must also vanish. Hence associate vectors vanish together if and 


only if b, = 0, $;;| ~ 0. (3.10) 


4. The conditions that (II) be self-adjoint can be derived in several 
ways. The most obvious is to demand that ¢,,u” be a solution of 
D*u; = Pru, when u‘ satisfies D2u' = Piu’. This gives us 

atl D2 | Dj W1LID = 
u| Db, +; Pi—dir Pi|+2D4;, Du” = 0. (4.1) 

If wu’ is to be an unrestricted solution of the equations of variation, 
this breaks up into two parts: 

s) — ar _ 9-¢ 9 
D¢d;; = 9, ¢;, Pi—¢,; Pi = 9. (4.2a), (4.2 b) 

The first of these confirms our first postulate of the last paragraph. 

It is further seen that, for self-adjoint systems, 

wD*u,—u, Du" = 0, (4.3) 
which is the same as 

utD2uil d.,— , 

u' Du [dij $;| 0. (4.4) 

To maintain wu’ free from additional restrictions we must conclude 
that the fundamental tensor ¢;; is symmetric, i.e. that 


$i;—O ji = 9. (4.2¢) 

All of these can also be obtained by demanding that wu’ be an 
integrating factor of 

Pipl UW" +0, U* +07, uk] = 0. (4.5) 


This gives an additional condition 
Pij-~r—Pikj = - (4.2 d) 
In conjunction with (4.2¢), this implies the existence of a function 
‘|x, @,t] such that . 
fx, #, t] by = Say (4.6) 


The equations (4.2a)-(4.2d) determine the second derivatives to 
#' of a function f which is in essence the integrand of our variational 
principle. The conditions (4.2) are, as has been said, both necessary 
and sufficient. The necessity is obvious, all variational systems being 
self-adjoint. Sufficiency can easily be demonstrated with the help of 
certain identities among the differential invariants of the space. 
Before touching upon this I shall point out an example of self- 
adjoincy in the unified electro-gravitational field theory. 
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The paths for such a field have been given by Einstein and Mayer* 
in the form: 
sie 7 ae charge 
zi+T', sig*—piar = 0 = 
rh ‘a ( mass 


= const. 4 0) (4.7) 


The I}, are Christoffel symbols belonging to a Riemannian funda- 
mental tensor g;;. The field equations are given by 

F,;+F;, = 0, F; = Gi, Fj, ete., (4.8 a) 

Fi 54 +-F, Kt eiiy = 9, (4.8 b) 

R,;—3Rg,;—(F,; Fi— 49:5 Fm PF") = 0, (4.8 c) 

F*,=0. (4.8) 

The vertical bar denotes the usual covariant differentiation to Ij... 

It can be shown that the equations (4.8a,b) merely indicate that 

the paths (4.7) are the extremals of a variational problem; in 

particular, the fundamental tensor g;; satisfies (4.2a,b). If we put 
x’ = Ti, die*+ei¢/ and «| = —pFj, the curvature becomest 

Pi = Ri, ate! +[te,.— |e +hei 6. (4.9) 

The conditions of ee, are expressible as 

(a) Gijik® a —HGir€ waa €; | = 0, (4.10) 

(b)  #A g 5, Rha —Gjr Ria \ +H deijim— d¢ji1¢ + ju; — ing] + 

rae +Howetd —Gir & ef]. 
These break up again into 
(i) ij je = 0, (ii) Vir tae —GYir Rihia—Ijr Rry. = 0, 
(ill) € 454+ €jx2+€xaj = 9, (iv feed ag €mj — “jr mi] = 9. 

Of these, (i), (iii) are the equations (4.8a,b); (ii) states a known 
property of the fully covariant curvature tensor; and the last is 
satisfied because of the symmetry of g;; and the antisymmetry of ¢;;. 

In fact, conditions (i) and (iii) are necessary and sufficient to make 
e,; the curl of some vector,} say —2¢,(x): ie. 

— dir = bri— Pir: (4.11) 

The equations i+, wak*—pFi a" = 0 
are then seen to be equivalent to the least action principle 


6 [ (9;;%'t! +, 2") dt = 0. 


* A. Einstein and W. Mayer (6). 
+ D. D. Kosambi (7). t L. P. Eisenhart (8). 
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The vector ¢; is a potential vector, in the sense that the electro- 
magnetic tensor F;; is its curl but for a constant factor. One could 
further add a field of force U* to the equations (4.7) and bring the 
path equations to the form #+T\,.é/%*—pFia" = U*. The equa- 
tions of variation will still be self-adjoint, if we add the condition 
U;,;—U;,;, = 0. This indicates that the force is derivable from a 
potential function U, such that U; = U;; = g;,U". The variational 
problem is now of the form 


5 [ (iste +g, 0+ U) P= 0. 


and there still exists the energy integral 
9;;%'#—-U = constant along any path. 

The actual process of finding the integrand of the variational 
principle will be made clear in the next section, which is devoted to 
the proof of the theorem that self-adjoincy is sufficient for the 
existence of a metric. 


5. The differential invariants of our space play a considerable part 
in the question of the existence of a metric, and therefore it is con- 
venient to derive these. Here it will be done by alternating the 
fundamental differential operations, which, for the transformation 
group (1.4), are three in number: 

i 
Ox" ot 


Applying these to a covariant vector u; and alternating, we have: 


C ot Re S 
Uj.j-4— Winey = 9, —U;;—|—}] = 90, (5.1), (5.2) 
ot Ou;).; 
= — — 2 A r 1 4 
(Du;).;—Dujj5 = Ugg = Uz j— BU jy 0 — 4, a, (5.3) 
ee 1 = 
U; 43k Uiskj a se U, Oris fshe> (5.4) 
P r r ¢ See. j rR 
Uijik—G kj —Uj-y Ri, —uU, Riy.5, 3Rj;, = Pia — Pip (5.5) 
ee ots or or 9 x 
(Du;),;— Duy; = Uz» P7-+-u,[ Ph.;—2RF |, (5.6) 
¢ ou; ¢ Oar - 
— Du;,—D— = — hu, -of,—u;,,—, (5.7) 
ot ot a ’ ” a 
C Ou; oo Oa’, Bs 
—Ujyj—(—) = —3, = 3B (5.8) 
ot ot 4 Be * ot 


The operator derived in (5.3) represents the covariant derivative for 
the general a’. In all the rest of the equations the right-hand sides 








ON SYSTEMS OF DIFFERENTIAL EQUATIONS 9 
contain the differential invariants as coefficients. For a contravariant 
vector the identities will be of the same type, except that a lower 
index of the differential invariants must be used for summation, and 
the coefficient of u” (not of u!;) changes sign. 

All differential invariants of the space can be generated from 

fH, Pj, dota, 

by application of the fundamental differential processes. 

We proceed to show that 

Dfi5 = 9, Sie Pi Fier Pi = 9, (5.9a, b) 

are sufficient to make the paths of our space the extremals of a regular 
problem of the calculus of variations. If f be any solution of (5.9), 
terms linear in & may be added at will, since (5.9) only imposes con- 
ditions upon the second derivatives of f with respect to ¢. Suppose 
that we attempt to determine n+-1 functions of x,t only, say ¢;, %, 
so as to make f+27¢,+% a solution of Euler’s equations. These 
equations are 


3, F = £F.—F, = DF,—F, = (DF),—2F, = 0. (5.10) 


The condition that f+¢4,2#"+¢ be a solution is represented by 
ad, 
if = 1b —$ur)— +i, (5.11) 


the vertical bar indicating covariant differentiation as in (5.3). The 
equations (5.11) are to be regarded as partial differential equations 
for unknowns ¢,, %, in terms of the known f, which is merely a given 
solution of (5.9). We show that solutions of (5.11) always exist; that 
is, such restrictions as are imposed upon f by the integrability con- 
ditions are identically satisfied in virtue of (5.9). Accordingly, the 
tensor [6,f].; must be (A’) independent of #; (A) antisymmetric in 
the subscripts; (B’) the curl of a vector; and lastly (B) ¥,;—%; = 9. 
We can restate these conditions as 

[Sf +155 f1,; = 0, [Sif] jx = 0. (A), (A’) 


From y;;,;—y,;,; = 0 we obtain, after using the identities 
‘ é . : 9. 
Dpi; — Pijir z+ ap P ist Pim Le +P mj Li — Diz (5.12 a) 
[is— pclae +l Pin — xis +l Peir—Fial,s = % (5.12 b) 
[Sf 1,; = (Df ).¢.5— Aiess = (Df ).4.5— Aegis — Pj — Pigs (5.12 c) 
the reduced formula (8:f]j;—[8F] = Dl fas—Fisul- (B) 
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Finally, [5;f ,, is the curl of a vector, if and only if* 
[Sf 1,; etlF Lec +18]; = 0. (B’) 
To prove (A), we see from (5.10) that 
(8;f ).; cad (Diss); —hiass' 
but, from (5.3), (Dfsa).; = Lag t+ Dla: 


whence (8; f).; = Sashes + has (5.13) 
Since we have f.;,;—/,;., = 0 from (5.4), we see that 
8,15; +15f 1, = 2D 3 0: (A) 


that is, (A) is equivalent to (5.9a). By a second application of 
(5.3) and (5.4), it follows that 
LSf )j.x Seiiix : Jf isi t (Ofte) z (Dfrisx).; F -(Dfij:x).g+ (Dfsisi) x = 0. 
(A’) 
Thus (A’) is a consequence of (A). Proceeding in the same way: 
[Sf 1); a [Df:i],; Saiz 
But we see from (5.6) that 
; - J or P Ir 9 pr}. 4 
[Df r Dag hir I jt F,| I ij 2 Rij); (5.14) 
and from (5.5) that Siig—Fint = —Sor B- 
This leads at once to (5.9b) in the form 
rs ¢ o£ %) ee ie 
[3;f li —[8;f ken 2 (fey —Fj i) Seer I 3 —JSes f o. 0. (B) 

Then (B’) is a consequence of (B), since it can be put into the 
form if , 

| om Ri t+F. jer Ri ther Ri; = 0. (B ) 

This is obtained from the preceding by differentiation to #* and 
cyclic rotation of the subscripts. 

To sum up, adjoincy implies a method of raising and lowering 
indices; reasonably simple postulates show that the most simple 
method is the standard one of using a covariant tensor of rank two. 
Self-adjoint equations of variation restrict the components of this 
tensor to be the second partial derivatives to & of some function of 
x, #,t, which is essentially the metric sought. Moreover, the converse 
process is valid. The additional vector yj; in (3.9) is not fortuitous, 
but would be indispensable in a geometry of »+-1 dimensions in 
which ¢ was treated as an additional coordinate. 


* L. P. Eisenhart (8). 
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6. Suppose the equations of variation to be modified by the intro- 
duction of a linear parameter o 

Deu" = (Pi+ocdi)u’. (6.1) 

On the base let two points be fixed with the values a, b of the 
parameter ¢. For the terminal conditions u‘(a) = u‘(b) = 0, there is, 
in general, for any value of o, the unique solution u‘ = 0. But con- 
sider the family of curves xt = x)+u‘5r, where xi is the coordinate 
of the base and w‘ any solution of (6.1) satisfying u‘(a) = 0. The 
curves of the family have one point in common ¢ = a on the base. 
As the family is taken to be the totality of curves given by all possible 
u' of the desired type, these ‘varied curves’ will have a point in 
common again where the base cuts their envelope: the conjugate focus 
to t = a on the base. I propose a definition: 

An ‘eigenwert’ of (6.1) or of (IL) or of (I) ts a value of the para- 
meter o in (6.1) for which the end-points of the fundamental range 
a<t< bare conjugate foci of the modified equations of variation (on 
the base). 

The adjoint to the equations of variation can be similarly modified: 

Dv, = (Pt+081)n,. (6.2) 

Its eigenwerte can be defined as above. These definitions are 
entirely in line with Hilbert’s definition for matrices; the solution of 
(6.1) or (6.2) fails to be unique for such a value of the parameter, 
just as the solution of the corresponding linear equation fails to be 
unique for an eigenwert of the matrix.* 

If A, w are distinct eigenwerte of (6.1) and its adjoint (6.2), it follows 
that 

(A—p)u(A)v,(u) = v, Du’ —u'D2v, = D(v, Du’—w"Dr,). (6.3) 


But v,Dw’—u"D», is an invariant (tensor of rank zero). Hence, 


v, Du’ —u' Dv, = 5 (0, Du’ —w'Dr,). (6.4) 


Integrating both sides of (6.3), we find that 
b 
(A—p) | u’(A)v,(u) dt = [v, Du"—w'Dv,]’ (6.5) 
For distinct eigenwerte A, » the integral on the left must vanish, which 


gives the theorem: 


* R. Courant and D. Hilbert (9). 
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In the modified equations of variation and their adjoints, the solutions 
of the equations are bi-orthogonal functions for those values of the para- 
meter for which the end-points of the fundamental range are conjugate foci. 


For self-adjoint systems we have orthogonality represented by 


t 


[fing wi(A)eet() dt = 0 ot ms). (6.6) 


This, as is seen, is a geometrically plausible definition of orthogonal 
functions for our path-space. 

It may be briefly stated that many of the important results for 
linear differential equations of the second order can be extended to 
systems of n differential equations of the second order, provided one 
deals with their equations of variation as well. Thus the results for 
linear equations im Grossen hold im Kleinen (in the neighbourhood 
of a fixed solution curve) for general types of equations. Linear 
equations represent their own equations of variation, particularly 
when zero can be taken as the basic solution. At the same time 
and by the same methods, concepts originally derived from the 
specialized differential equations of Riemannian geometry can be 
extended to general systems. 
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1. Geometrical introduction 


Every polygon can be divided into right-angled triangles. A con- 
venient way of doing this is by joining any point to all the vertices 
and drawing perpendiculars from this same point on to all the sides. 
The number of triangles is then twice the number of sides. In cal- 
culating the area some of the triangles may have to be considered 
negative. But if the polygon is regular, we can simply take the 
special point to be the centre, and so make all the triangles equal. 

Analogously, every polyhedron can be divided into double-rect- 
angular tetrahedra.* To do this we join any point A to the right- 
angled triangles that make up the faces, taking the special point in 
each face to be the foot of the perpendicular from A. The number 
of tetrahedra is then four times the number of edges. In calculating 
the volume some of the tetrahedra may have to be considered 
negative. But, if the polyhedron is regular, we can simply take A to 
be the centre, and so make all the tetrahedra equal.t 

The vertices of a double-rectangular tetrahedron can be called 
A, B, C, D in such a way that the three edges AB, BC, CD are all 
perpendicular. The opposite faces 1, 2, 3, 4 are then such that the 
dihedral angles (13), (14), (24) are right angles. In Euclidean space 
the volume is simply }AB.BC.CD. In spherical (or elliptic) space 
Schlaflit considered the volume as a function of the dihedral angles 


a = (12), B = (23), y = (34). 
In hyperbolic space Lobatschefsky§ gave an explicit formula for the 


* W. A. Wythoff, ‘The rule of Neper in the four-dimensional space’: 
K. Akad. van Wet. te Amsterdam, Proc. Sect. of Sci., 9 (1906), 529-34. 

+ For the generalization to n dimensions, see L. Schlafli, ‘On the multiple 
integral ff... fda dy ...dz whose limits are p, = a,2%+b,y+...+h,z > 0, 
Po > 0, sy Py > 0, and 2*+-y?+...+2? < 1’: Quart. J. of Math. 3 (1860), 54- 
68, 97-108. Hereafter we shall refer to this work as S. t S, 97. 

§ N. I. Lobatschefsky, Imagindre Geometrie und ihre Anwendung auf einige 
Integrale, translated into German by H. Liebmann (Leipzig, 1904). Hereafter 
we shall refer to this work as L. 
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volume in terms of four angles, of which three are these same dihedral 
angles (although he apparently failed to recognize 8), while the fourth 
is related to them trigonometrically. 

In the present paper we reconcile the work of these two great men. 
In fact, we define Schlafli’s function by means of a series, and show 
that, when the angles are such as to make the tetrahedron hyperbolic, 
Lobatschefsky’s formula follows. (Actually, we find it convenient to 
replace Schlafli’s « and y by their complements.) 

In § 8 we apply our results to a special problem of some interest. 


2. Analytical introduction 


Lobatschefsky expressed most of his results in terms of the function 


L(x) = — [ logeos a dx (—40 <2 < 4a). 
0 


Abel* and Rogerst have considered the related functions 
He) = — | 
0 


R(x) = —} [ (72! si Me 4 dx 


x ' l—z# 


x 


0 


= &(a)+ 4d log x log(1—z) (6 < z < 3). 


For the extreme values of x, the term }log x log(1—2z) is replaced by 
its limit, so that R(0) = 0, R(1) = 4x. 


Rogers gives three other cases in which R(x) is commensurable 


with 7°: R(4) = Ar? 
7 — We 
where 


Putting x = 


Hence 


* N. H. Abel, Quvres completes, 2 (Christiania, 1881), 189-93. See also 
W. Spence, Essay on the Theory of the Various Orders of Logarithmic Tran- 
scendents (London, 1820); J. Bertrand, Calcul intégral (Paris, 1870), 216-18. 

+ L. J. Rogers, Proc. London Math. Soc. (2), 4 (1907), 169-89. We have 
changed Rogers’s L into R to avoid confusion with Lobatschefsky’s L. 

t Loe. cit., 173. 
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In § 4 of the present paper, we verify this result by a method that 
gives also some further identities, of which the most striking are* 


3.R(o*)+3R(o*)— R(o2) = 27, 
15R(o*) +2R(o)— R(o®) = in?, 


8) 
ao” i 
2 ae 
> — 52T = ji7 > 
1 


o 6 
cos x\" cos nx cos ny — cos? nz 1 ° 
ps oe 
—~ \cos y n* 

(0 <2 < 7; cos*x < cosy). 
Incidentally, we express the integral 


arctan vx dx 
ch ta <b< 2.5 
| (a—x)b—a) (7 <b <a) (2.5) 
0 
as a series, and show how to evaluate it in a number of special cases. 
In §5, we findt L(37) = $L(}7)—}L(4z), 
L(§7)— L477) = L(g) —4L (hr) — Zr log 2. 


15 5 


3. The series for S(«, 8, y) 


We shall make use of the elementary identities 
*- D>) 
> = = deze 0 . (3.11) 


n* 
1 


2 y" cos 2nx = —}log(l—2ycos2r+y?) (—l<y< l}), (3.12) 
n 


1 
: n l 
b yo sin 2na = arotan(7*¥tanz)—x (QO<%r4<7;-—l<y<)l), 
n — 
y (3.13) 


where the ‘arctan’ is supposed to lie between 0 and z. We define 


S(a, B,y) = D3 a 2 (cos 2na—cos 2n8+cos 2ny—1)—o? + 6?—y*, 
. (3.2) 
where i= sinasiny—D (3.21) 
sin asin y+D 
D = ,/(cos*a cos*y—cos?f) (3.22) 
(positive, zero, or of the same sign as i cos), 
0<a< }r, 0<B<z, 0O<y<hr. (3.23) 


* (4.84), (4.85), (4.82), (4.22). + (5.91), (5.92). 
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The series obviously converges, since |X| < 1. It is proper to asso- 
ciate this function with the name of Schlafli, since, as we shall see 
in § 6, it is related to his f(a, 8, y) by the formula 


S(a,B,y) = 40° f(d7—a, B, ny). 


We see at once that S(y,B,a) = S(a«,B,y). (3.31) 
When a = 0, we have X = —1, so that, by (3.11), 
; — —cos2nB+cos2ny, » 5 
S(0,B,y) = > — Rete ee 
(0.8.9) = >. = +B—y 
= —(e—B)+ de +B? 
= (B—y). (3.32) 
When sin’a-+-sin?y = sin, (3.4) 
we have D = sinasiny and X = 0, so that in this case 
S(a, B, y) = —o?+P?—»*. (3.41)* 
When cos acos y = cos 4 (3.5) 


(which implies 8 < 37), we have D=0 and X = 1, so that, by 
(3.11) (with }7—x = a,B,y,0 in turn), 
S(a, B,y) = 0. (3.51) 


In particular, S(42, 42, 37) = 0. (3.52)7 


4. The case cos*acos*y > cos*8 
When cos*a cos*y > cos’, it is clear that D, X, and S(a,B,y) are 
real. In this case, differentiating (3.2), we have 


x 


dS(a, B,y) = pA oe ” (cos 2na — cos 2n8 +- cos 2ny—1)d log X — 
1 


(37 (sin 2nx dx —sin 2nB8 dB +sin 2ny dy)— 
n 
—2(ada —B dB +y dy). 
Putting —X for y in (3.12), we see that the coefficient of dlog X is 
{(1+X)?cos?a-+ (1—X)?sin?a}{(1 +X )?cos*y+ (1—X)*sin?y} 
{(1+X)?cos*8+ (1—X)*sin?8}(1+ X)* 


= —}log (sin*y cos*a+ D*)(sin?« cos*y+D*) ns 


9 


+N {8 


— log 


sin*a sin*y cos?B+-D?sin?B 


* S, 60 (4). + S, 63 (7). 
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Hence, by (3.13), 


—}d8(«, B,y) 
1—X 1 
= arctan( tan a) dx —aretan (7 dp + 


+arctan ( Te tan ”) dy 


dx —arctan — piiep dp + esetet— dy 
sin «sin y sin «COs y 


= arctan 
cos a sin y 
(4.1) 
= arccos need da — 
,/(cos?a— cos?) 
—arccos en yr dp + 
(cos?a—cos?f),/(cos?y— cos? 2B) 
sin a cos y dy. (4.11) 


4/(cos*y—cos?B) 





+arccos 


We can now prove that 
S(a, $2, y) = 2($0—a)(40—y). (4.2)* 
By (3.41), this is true when ¥@= }7—«a. It will therefore be sufficient 


to prove the differential relation 
dS(a, $7, y) = —2(4ar—y) da —2($2—a) dy. 


By (4.11), 
—}dS(a, ha, y) = (4r—y) da +($27—«) dy, 


as required. 
On putting 8 = 47 in (3.2), we obtain the interesting identity 


cos” (a cos 2na + cos 2n —1—cos nz . 
\ bee ‘2 r = (}r7—a—y)? 


3 cos"(a—y n2 
(0 <a<4n;0<y<4n), (421) 


x 
n 21 
COS NX COS 1 COS* 5777 
y . = }(4n—2)? 


ae 


We proceed to prove the two identities 
S(2a—4ar, }or—ax, br) = 48(a, 40,40) (427 <a < arccos,/$), 
S(a, 7—2a, a) = 6S(a, 42,427) (0 <a < arccos,/4). 
* Schlafli, Quart. J. of Math. 2 (1858), 291. 
+ S, 64 (with n = 4). For the similar result 
S(a, }ar—aa, fr) = 
see S, 67. 


3695.6" 


(0 < a < 7; cos*x < cos?y). 


(n = 4, m = %.) 


3:S(«, far, $27) (0 < a < arccos ,/#), 


Cc 
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By (3.32), (3.41), and (4.2), these are true when «a = }z. It will 
therefore be sufficient to prove the corresponding differential rela- 
tions. Let 
COS « 
= arccos - ; 
4 (4. cos*a— 1) 
Then, by (4.11), 
— }$d8(2a— 42, 4ar—a, dr) = n d(2a—4m)— 2 d(4a—ax) = 4n da, 
—4dS(a, 42, tr) = n da, 


—4dS(a, r—2a, x) = 7 da = 27 d(m2—2a)+-7 dx => 6n da. 


Thus the identities are proved. (The condition « < arccos,/} secures 
the reality of 7. In § 5 we shall see that this is unnecessary. The 
essential condition is « < 47.) 
So long as cos*acos*y > cos?8, X is unaltered when f is replaced 
by its supplement. Hence, by (3.2), 
Y Y eA > 
S(a, 7—B, y)—S(a, B, y) (7—B)?—B? 
ar a 
a( ar 28). 


1 


In particular, S(4a, $2, dr) — S(4z, 42, dr) = 4n”*. 


6 
But, by (4.32), S( da, $77, §77) 
Therefore 


By (3.41), 


By (4.54), putting a 


1800° 
whence, by (4.32), S(3,7, 27, 377) 


- 
300“ ° 


When written out in full, these last two results become 


— -¢o n : P . 
7 7) (cos 2x — cos $nm + cos 4nm — 1) = 
oo nu 

1 


13 2 
1800“ 
x 


a)” ; ” 
> ( =) (2 cos 3na — cos ina — 1) = for, 


1 


* S, 98. 
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a 
“ 
2. ane : 2 
pa 5 (cos 3nm — cos }nm + cos $n — cosnm) = ;him?, (4.61) 
a! 


x 


~ n 
Zz: 73 (2 C08 5mm — cos kn — cosnm) = 3ign®. (4.62) 
1 


Putting a = }a, y = }pr in (4.21), 


.< —, (cos nm + cos }na —1—cosnm) = 37°. 
1 
On subtracting each of (4.61), (4.62) from this, we obtain 
1 ——= 101 3 
S(io7; sil $77) = 18007 > 
ame 11 oS 
S(io7, 377; 107) = go07”- 


Again, (4.62) and (4.63) yield 


x 
n 


x 
hy o" 1 1 \* o 9! | 17 
2; cos ina = - —, (2+ cos nr) + gir” 
n> 3 n= 
1 
+ $uh( —o) I +9007 


o"” . 1 o” 
OS ener — |_ 9 ~ | 19,2 
72 cos 2u7 3 $e 7) (1+-2 cos nz) + J 8, 


= 34(0)-+50(—o) + aoo7- 


Evidently 


x 

gn = a” xX “3 
> Sco gna =— sat +53 

n= mt 2 an (3n)* 


— dh(x)+ $y(2*) 


x x 

gn (—a)” ” 
> = cos 4n7 = > , COS 3a 
—~ n® —~ n® 


= —$W(—2)-+44(—23), 
Hence, by (4.61) and (4.67), 
Ho) —08) = Yo) —(—0)—fyn?* 
Writing out (4.41) in full, 


o ‘ 
(2. cos 4na—cos §n7—1) 
n* 


* Bertrand showed that 
(oc) = jh7*— (log o)?, Lm —(loga)?, 
whence d(—o) = Pb(o?)—Y(o) = Lar (log a). 
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whence, by (4.71) and (4.72) with 2 = o?, 
o®)-+2yh(—o8)— 6Y(—o?) = 3(o%)+,hn%. (4.74) 
Since cosinz + cos?nm = 2 or —} according as n is or is not 
divisible by 5, 


n* 


> . (cos {nz + cos = 2n7) = — heb(x) +- fh (2°) 
1 


Putting « = 27, y = }7 in (4.21), 


x 


2 


(—o?)" 
> (cos ‘nz + cos 2n2— 1—cos nm) = 


Hence ys(— oo!) — 15eb(— 0?) = 10ys(0?) +477”. 
Since obviously b(—ax) = 3(x?)— (2), 
we may write (4.66), (4.67), (4.73), (4.74), (4.75) in the form 


o” , 2 
ais 5a = 5b(o - $a 0”) + 9007 2 


x 

— gl = 

> —. cos 207 + $eb(o? 
— nN 


4uh(a*)—y(o*) = 44(c)— 


3eb(o*) + 3eb(0*)— (ol?) = 3yb(0?)— hr’, 
1 5yb(a4) + 2xh(a!?) —ab(o?9) = 10xb(0? a 
The last four of these identities remain valid when every ¢ is 
replaced by R—see (2.3)—since the logarithmic terms cancel in 
virtue of the relations* 


1 —g2n — (o-"—oa")o", 1—o° —s, 


is 2) 
n 
oO 

> 08 } = 199%] 2 
33 COS snr = ; — }(log o)?, 


1 


Hence 


2» 


aE -_ COS 3 2 NTT 


4 R(o*)— R(o*) 
R(o*)+3R(o°)—R 
15.R(o*)+2R(o”)— 


when n= 
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Let us now consider the integral (2.5). The transformation 

a = arctan /— 

a—b 

arctan Vx da 


vives / a eens ee 
give J(a—b) a_i - 
0 


<2 [ arctan vx da. 


. 


xr=0 


But, by (4.1), 
D 


S(a,B,y) = —2 [ arctan —— da, 
COs a Sin y 


. 


D=0 
D being given by (3.22). Comparing these results, 


(a—») [{ arctan vx dx 
7 (a—2x),/(b—2x) 


0 
= Slarctan /—* arctan Jee jparetan Ji 
aj a—b a—b a 


(2<b<a). (4.92) 
By (3.2) we can now express the integral as a series, with 
x — vO—2)—le—byw (4.93) 
J(b—ax)+.,/(a—b) vax 
Several of the properties of S(«,8,y) lead to interesting definite 
integrals:* (3.32) gives 
b 
(a—b) peta Pied ae 7 arctan, [7+ *—aretan, [7 (b <a); 
J (a—x),/(b—2) a—b a 
0 (4.94)} 


(3.41) gives 
b/(a—b+1) ' 
arctan vx dz 
(a—b) . 
(a—2x),/(b—2x) 
0 


/ 2 b+-1\2 1\2 
—_ —(avetan Jani) +-(aretan Jes) -- (arctan Ja) ° 
(4.95) 


The case when a = 3, b = 2 is of special interest. By (4.91), 
m™—aresec 3 


28(30,47,3r)= | $48, 
where sec 6+ secd+2 = 0. (4.96) 


* Coxeter, Math. Gazette, 13 (1926), 205. 
+ L, 42 (106) (x = tan’d). See also Bierens de Haan’s Tables (1867), 335 
(224.9). 
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In particular, 
m7 —aresec 3 
| ¢ dé = = 28(0, 4 377, hor) => 47° 
0 
Hence, by (4.64), (4.41), (4.51), (4.56) in turn, 
J d dé = _— 1097, 2. 1 4 d a 7. 29972 


9007 900° 
when — } An, 4a, 3n. 
5. The case cosacosy < cosf, a < 8B, y <fB 
The relation connecting Abel’s %-function and Lobatschefsky’s 
L-function is found as follows. Putting y = —1 in (3.12), and inte- 
grating with respect to x, 


x 
et oe ae ae, ol i’ 2cos x) dx = 
—— sin 2g = | og(2 cos a) da (—43n 
D Laut . of 
1 


0 


_* ] - tiga 
i.e.* r" {ys(—e?!*)—p(—e-?"*)} = L(x)—z log 2. 


But, by (3.11) with $7—z in gle of x, 
— et) + oh(—e- 
Hence 
Ligs(—e-***) = L(x)—ax log 2+ fa(2 
Of course L(—x) = 
When cos acos y < cos 
(implying 8 < $7, since we never allow a or y to be obtuse), we define 
the real angle | 
6 = arctan .. wi — = arctan oot —-meconty) 
isin «sin y sin a sin y 
sin asin y 
\(sin?a—sin?B-+sin*y)’ 
so that X = e728, 


= arccos 


(5.3) 


By (3.2), replacing the cosines by pairs of exponentials, 
S(a, B, y) Af (—e-2t6+ ~)) +h(—e-2#6 -@))} 
2i(8+B)) + of,(—e-2t@ B))y + 
; — e-2i8 ”)}— 
24 B22, 


* L, 54. There is a mistaken sign in his (11). 
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Before we can substitute for the ~%’s from (5.2), we must be sure that 
5+a, 5+, 5+y are not obtuse. This necessitates 

ay <B. (5.31) 

When we have substituted, the terms involving log 2 and 7? cancel 
among themselves, while the remaining elementary terms cancel with 
-- Bese Hence, finally, 

iS(a,B,y) = L(b+a«)+L(6—a)—L(+f)—L—Bf)+ 

ae 
When y = Bf, (5.3) shows that 6 = 47—8, whence 
i S(~,B,B) = L(}n—B+a)+L(jr—B—a)—2L(4—P). 
By Lobatschefsky’s (14)* (or by integrating the identity 


logsin x — logsin 2x = —log 2—logcos 2), 
L(4nr—x)—4L(4a0—22) = (4n—az)log2+L(r) (O< a 
In particular, since L(0) = 0, 

L(4) = 4rlog?2. 
Hence, by (5.41) and (5.1), 


t S(a, a, a) = 2alog2—2L(a) = bs ( 
1 


ae n-—1 , 
—__. sin 2m, 


> 


ne 
i.e., by (5.2), S(a, a, x) = a —)2?—yp(—e-*!*) 

= p(—e!*)—o2 +n? (5.61) 

By os 4) and (2.1), and then (5.3), 

cos(5+ «)cos(5— «)cos(5+-y)cos(’—y) 
— 5 Sta 
"7 »Bey) log cos(5+-8)cos(5—f)cos*6 
(cos?6— sin?«)(cos*5 —sin*y) 


= @. 
(cos? — sin?8)cos*6 


= —log 


Hence 


co 
s(5—B) 


cos(d—«) 


79 cos(6— 
idS(a, B,y) = log a7 ) + log ~ (6—y) 


til cos(5+-) 


dy. 
(5.7 
By using (5.7) instead of (4.11), we can extend the range of validity 
of (4.31) and (4.32) up to a = 47. (The condition « < $7 comes 
from (5.31).) 
Of greater interest is the similar identity 
S(a, 4r—a, for) = 38(a, far, 377) 5 : (5.8) 


* L, 54. 
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When « < arccos,/3, this is proved by means of (4.11). For our 
present purposes we take a > arccos,/?. On both sides of (5.8), 
5 = arctan ,/(2—cot*a). (5.81) 
Now (5.8) is true when « = arecos,/%, since then both sides vanish. 
By (5.7), therefore, it will be sufficient to prove that 
ene — x) ” cos(8+ $27—«) oe Sie coa(5—a) 
cos(d-+ «) cos(6— $7-+-«) cos(d-++a) 
By (5.81), 
cos(6+ 
4 


sin(a—S) S tana — tand 
are. oO) — lng 


cot « +,/(2—cot?a)\? 
> tan a —,/(2—cot?a) cot a —,/(2—cot*«) 


sin(a+6) lo , tana + tand 


os 
37 
° cos(5— — 


- itl cot « + tand ae c0s(S—a) 
” cot a — tand cos(5-+ a) 
as required. 
Putting « = }7—86 in (5.5), 
L(i+47)+ L(6—42) = Slog 2+4L(28) (—}a <8 < }n). 
By (5.8) and (5.4), therefore, 
L(4ar—a+6)— AG Lar—a—d)+2L(«a+8)—2L(a—8)+ 
+3L(i27+8)—3L(§7—8)—4L(8)—2L(28) = 46 log 2 
(0 <8 < }y; « = arccot,/(2—tan*S)). (5.9) 
When a = 6 = }r, this becomes 
3L(37)+3L(47)—4L (47) = $rrlog 2. 
But, by (5.5) (with x = 7), 
L(i;7)— L(47)— 


4 Lidar) = Jrrlog 2. 

Hence 12L (47) = 8L 
$L 

(5. 


li) —3L(4z), 
lr) —4 L (47). (5.91) 


9) becomes 


i.e. L(377) = 
When 6 = j47, so that a = }1, 
3L (4) —3L (47) +2L(37)—6L (47) + L($r)—3L (hr) = Farlog 2. 

But, by (5.5) (with x = jh7, }7), 

L(3r) = $L (i577) + L(io7) +357 log 2, 
L(hr) = L(§r)—$.L (7) —47 log 2. 


( 
( 


Hence 
3L(47)—3L(37) Af L( 32) +7 L(j77) +42 log 2} 
(77) — 22 log 2, 
(5.92) 
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6. Spherical or elliptic space 
Schlafli showed that a double-rectangular tetrahedron of angles 
x, 8, y exists in spherical space if sin’a sin?y > cos?8, and in Euclidean 
space if sinasiny = cosf. In the former case he called the volume 
gm” f(a, B, y). 
Since an infinitesimal spherical figure has the same angles as a 
Euclidean figure, this function must vanish when* 
sin asin y = cos f. 
Its differential? is given by 
— sin «Cos 
tr? df(a«,B,y) = arccos _-, r. da +- 
,/(sin?a— cos*B) 
cos a cos 8 cos y 
(sin? —cos?f),/(sin?y—cos*B) 


dp + 


+ arccos 


cos a sin y 
/(sin?y—cos*B) 


QO<acr7;0<B7;0< y < 7; sin’asin*y > cos’). 


+-arccos dy 


On comparing these formulae with (3.5) and (4.11), we see that 
S(«,B,y) = 30° f(}7—«, B, }n—y). (6.1) 
Thus, subject to the condition 
cos?a cos*y > cos", 
S(a,B,y) ts equal to four times the volume of a double-rectangular 


tetrahedron of angles 
jn—a, 8, tn—y. (6.2) 


One consequence of this result is that the order of the groupt 
[A, ks, ks| 
(whose fundamental region is a double-rectangular tetrahedron) is 
87? 





S(4a—m/k,, w/kg, 4r—m/ky) 


The orders of the actual groups 
[3, 3,3], [3,3,4], [3,4,3], [3, 3,5] 
are given by (4.41), (4.51), (4.52), (4.56), respectively. 
Schlafli regards the tetrahedron as lying on a hypersphere of unit 
* In Schlafli’s notation (S, 54, 56), A(1234) = 0, or A,(a, 8, y) = 0. 


t S, 97. 
t J. A. Todd, Proc. Cambridge Phil. Soc. 27 (1931), 214. 
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radius, but it can just as well be regarded as lying in elliptic space 
with unit space-constant. The volume is still 


(a, B, y). 
7. Hyperbolic space 


In the notation of § 1, the angles of the double-rectangular tetra- 
hedron (6.2) are 
(12) tar—a, (23) = B, (34) — 
(13) = (14) = (24) = 4a. 
For this tetrahedron to exist in hyperbolic space, we require 


cosacosy << cosB (O0<a< 47;0< 8B < }$7;0< y < $n). 


Since the angular excesses at the four vertices are 


4)—77 ites 
14)—7 
4)- 


(23) 7 4)+(2 
3)+( 
20 4)+-(2 
(1 2)+-(23)+-( 


all the vertices will be actual if 
a, - B. 


If either of these inequalities is replaced by equality, the tetrahedron 
extends to infinity (although, as we shall see, its volume remains 
finite). In fact, if «a = 8 > y or a < B = y, one vertex lies on the 
absolute; and if « = B = y, two vertices lie on the absolute. 

If « >f or y > B, the tetrahedron has one or two ideal vertices, 
and we cannot hope to obtain an intelligible expression for its volume. 


13)—7 


But, so long as (5.31) holds, we should expect the volume to be 
1S(a, B, y), 
possibly multiplied by i. In order to prove that this is in fact the 
case, we proceed to identify (5.4) with Lobatschefsky’s formula* 
4P L(4a—p+8)— L(4ar—p—8)— 
_ L(jn—€48)-+ L(jn—£—-8) + 
+- L(42r—B+8)— L(4r— B—85)—2L(8). 
In his Fig. 19,+ let us number the faces of the tetrahedron in the 
order ABC, ACD, ABD, BCD, Then (7.1) enables us immediately 
to identify his 1, B with our }7—«a, }x—y. It remains to be proved 


* L, 97 (160). + L, 92. 
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that $7—€ is the dihedral angle at the edge AD, and that his 8 is 
the same as ours. 

By drawing a sphere with centre D, we obtain a right-angled 
spherical triangle, whose hypotenuse is y’; one of its acute angles is 
B, and the other is equal to the dihedral angle in question, which 


is therefore arccot(cos y’ tan B). 


The required equation 
tané = cosy’ tan B 


follows from Lobatschefsky’s (134) and (159).* 
In order to identify 5 in his (156) and our (5.3), we have to prove 
that 


\/(sin?é — sin? sin? B)/cos pcos B = cosh’ tan B. (7.2) 


By Lobatschefsky’s (26)+ applied to the triangle DCB, 
sina’ = sinh’ cos. 
Alsot cosa’ = sin€g/sin B. 
Therefore 
sin*é/sin? 4 = 1—sin?h’ cos?u = sin®?4+cosh’ cos*u, 


whence (7.2) follows at once. 
Thus, finally, 
jn—p=a, 4n-€=8, 
and P = }iS(a, B, y). (7.3) 


There are two different conventions as to the interpretation of 
- length in hyperbolic space. Sommerville,§ following Lobatschefsky, 
regards length, and therefore volume, as real; but Coolidge|| (in order 
that the formulae of elliptic geometry may be carried over without 
change) makes them pure-imaginary. With the former convention, 
taking the space-constant to be 1, the volume of our tetrahedron is 
given by (7.3); with the latter, taking the space-constant to be ¢, it is 


tS(a, 8B, y), 
precisely as in the elliptic case. 
The formula (5.41) gives four times the (real) volume of an infinite 


* L, 93, 96. + L, 55. 
t L, 98 (near the bottom of the page). 
§ D.M. Y. Sommerville, The Elements of Non-Euclidean Geometry (London, 
1914). 
J. L. Coolidge, The Elements of Non-Euclidean Geometry (Oxford, 1909). 
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tetrahedron DBCA, with D on the absolute;* 47—a, }7—f are the 
dihedral angles at the edges AC, BB’ respectively. Our formula 
agrees with Lobatschefsky’s (89), since 

lr—a =a’, la—B = B. 
(CC’ and CB are respectively parallel and perpendicular to BB’, and 
a’ is the parallel-angle BCC’.) 


8. Regular polyhedra inscribed in the hyperbolic absolute 

In the hyperbolic plane the (positive) area of a triangle of angles 
a, B, y is r—a—fB—y. A regular n-gon of angle 2« can be divided 
into 2n triangles of angles $7, 7/n, «, whence its area is 

2n(4a—7/n—a) = (n—2)ar—2na. 
More generally, the area of a regular polygont {n/d} of angle 2a is 
2n(4ar—dr/n—a) = (n—2d)r—2na. 
When the polygon is inscribed in the absolute, we have « = 0, and 
the area becomes (n—2d)n. 

In hyperbolic space, a polyhedron {k,, k,} of dihedral angle 2a, with 
E edges,{ can be divided into 4# double-rectangular tetrahedra of 
angles a/k,, 7/k., «, whence its (real) volume is 

EiS(4a—a/k,, r/k, 'r—ax). 
When the polyhedron is inscribed in the absolute, we have 
a/ka+a = 3m, 
and, by (5.41), the volume becomes§ 
EiS(4a—a/k,, 7/kg, 7/kg) 
= El L(ax—a/k,—a/ky) + L(2/ky—7/ky)—2L(42—z/ky)]. (8.1) 

By (4.31), (4.32), and (5.6), the volume of a regular tetrahedron 

* See Lobatschefsky’s Fig. 16 (L, 82). 

t eg. a pentagram {5}. For the notation see Coxeter, Proc. Cambridge 
Phil. Soc. 27 (1931), 201. The area of a star polygon is defined as the sum 
of the areas of the triangles that join its centre to its sides. Consequently 
certain portions are counted several times over. 

t When k,, k, are integers, the number of edges is given by 

1/E = 1/k,+1/k,—}- 


5 
3 
1 


The Kepler-Poinsot polyhedra all have 30 edges. 
§ When k, > k,, we naturally replace the term +L(2/k,—7/k,) by 
—L (a /ke—7/k;). 
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{3, 3} inscribed in the absolute (i.e. the greatest volume that a tetra- 
hedron can possibly have) is 
30 S( dcr, dar, dr) = 1 S(42, 42, $n) 
= 4rlog 2—3L(§nr) = $rlog 2—2L(47)* 
= (2 cee: S 


4 ate ata et 


Geometrically, the regular tetrahedron (of dihedral angle 47) can be 
divided into six double-rectangular tetrahedra of angles 47, 37, 47 
by joining one vertex to all the medians of the opposite face; it can 
also be divided into four double-rectangular tetrahedra of angles 
iz, 47, bo by joining each of two opposite edges to the mid-point 
of the other. 
By (5.8), the volume of an octahedron {3,4} inscribed in the abso- 
lute is 
1 


sag ; : eee: 
4% S(}2, 4x, Jor) = 27 log 2—8L (fx) = s.-5+5-at~): 


Geometrically, the octahedron (of dihedral angle 37) can be divided 
into sixteen double-rectangular tetrahedra of angles }7, 47, }7 by 
drawing all the planes of symmetry through one pair of opposite 
vertices and also the plane that reflects those vertices into one 
another. 

By a double application of (5.5), the volume of a hexahedron {4, 3} 
inscribed in the absolute is 

Wr log 2—10L(42) = 51 S(42, 427, 42), 
i.e. just five times that of the regular tetrahedron. The hexahedron 
can in fact be built up by taking one regular tetrahedron and placing 
another on each face. 

The expression for the volume of the great icosahedron {3,3} can 
be simplified by means of (5.92). It is not known whether any similar 
reduction is possible for the icosahedron itself. 

* The identity 2L(47)—3LZ(42) = $m log 2 is merely a special case of (5.5). 

+ The name cube seems inappropriate when the dihedral angle is 47 instead 


of 47. 











ON THE ORDER INVARIANTS OF INTEGRAL 
QUADRATIC FORMS 


By GORDON PALL (Montreal) 
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SmitHt and Minkowskit laid the foundations of an arithmetical 


theory of quadratic forms in their definitions of orders and genera 


of quadratic forms. In this paper we are concerned with those 
invariants of a quadratic form which characterize its order. We shall 
,) the latter 
n—I1 are quite superfluous, after a modification in the definition of 


see that of Minkowski’s invariants ( O.-<3 Co, 
the former. In Smith’s terminology, it is no longer necessary to 
distinguish specifically between properly and improperly primitive 
forms. 

For purposes of arithmetical theory the use of Kronecker’s binary 
forms aax*+bxy+-cy? and discriminants b?—4ac has conduced to 
greater simplicity than the restriction to Gauss’s forms ax? + 2bay-+-cy* 
and determinants ac—b? or b?—ac. The following developments seem 
to lead to a corresponding advancement in the theory of quadratic 
forms in several variables. 

1. The matrix and discriminant of a quadratic form. Any 
quadratic form f in s variables with integral coefficients may be 


written as 


8 
Dd 45,2; 2; (a;; = @;,), (1) 
i,j=1 
where the coefficients a,; and 2a;; (i A j) are integers. The matrix of 
f is the matrix (a;;); the determinant |a,;| of f will be assumed 
(throughout this paper) to be not zero. The discriminant d of f is, 
by definition, the determinant multiplied by 
(—)?28 if s is even, (—)*-D228-1 if s is odd. (2) 
That a discriminant is an integer if s is odd, and is an integer 
congruent to 0 or 1 (mod 4) if s is even, is a corollary of the following 
lemma. 
+ The contents of this paper are cognate with the following: H. J. 8. Smith, 


Collected Mathematical Papers, i. 412-15, 510-12, and ii. 623-36 ; H. Minkowski, 
Gesammelte Abhandlungen, i. 4-6, 8-33, 72, 76-9. 
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Lemma 1. Let k > 1; let e;; (i,j = 1,...,k) be integers such that e;; 

is even and e;; = e;;, for all values of i and j. Then the determinant 

;;| ts always even if k is odd, and is congruent to 0 or (—1)** (mod 4) 
if k is even. 

For consider the expansion of |e;;| = > (+ )e,,---€x--- With each term 

T = (+)éy9---€xr let us associate the transpose term 7* = (+ )éqy...€,4 

which is equal to 7. Now 7 may be its own transpose; but, if & is 

odd, this happens only if + contains some factor e;; whence 7 is 

even; and, if k is even, 7 will contain an even number of such factors. 


é 


Hence, if k is even, 
|€55 | (— )R2fe,5 Cg4---Cp—1pt---}? (mod 4), (3) 
where the expression in braces is the sum of all algebraically distinct 
terms é,,,...€, Such that all the indices p, q,..., t, r are unequal. 
2. Notation. With certain exceptions small Latin letters will 
connote integers. The exceptions are: f, gy represent forms; a;;, ;; 
denote halves of integers if i 4 7. Otherwise the role of the various 


letters will be defined. 


3. Classes of forms. Index. If the transformation 


s 
v= 2 hii Yj 
j= 


with the matrix 7' = (¢,;) carries f(x,,...,2,) into 
IY oe > Dis YY; (5;; = bi; j=l 
then, representing (2a;;) and (26;;) by A and B, we have 
B = F*4T, 
where 7'* denotes the transpose of matrix 7’. We can then say that 
‘f contains g’. 

Let 7’ be unitary, i.e. have determinant 1. Then 7’! is unitary, 
and (6) implies A = (7'-!)*B7'. Thus g contains f. If f is trans- 
formable into g by a transformation of determinant 1, we say that 
f and g are equivalent, and write f ~ g. The relation of equivalence 
is reflexive, symmetric, and transitive. All forms equivalent to a 
given one are equivalent to one another, and constitute a class of 
jorms. 

The discriminant is an invariant of a class. Another invariant is 
the index (to be denoted by J), defined as follows. Since d ~ 0, f can 
be expressed in the form 


- . 3 
a AG+...ta,X§, 
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where the «; are rational non-zero numbers, and the X; are linear 
combinations with rational coefficients of the x;, the determinant of 
the X; being not zero. The number J of negative coefficients «; in 
every expression of this type for f is the same, and is called the index 
of f. The signature of f, defined to be s—2/J/, is frequently taken to 
replace J as an invariant of the class. 


4. The g.c.d. of order k. We shall conveniently employ the letter 
ao to connote a subsequence of k (1 < k < s) elements of (1, 2,...,8), 
that is, a sequence of the type (4, t%,..., %;,) (1 < 4 < ty <1. << ye <8). 
The minor determinant of a matrix C formed by the elements at the 
intersections of rows 4, Z»,..., 4, and columns j,, jo,...,J;, Will be denoted 


t,) and o, = (jj,..-5J,)- 


by C[o,0,], where o, = (1,. 
i) we “all by a simple property of deter- 


From the equation (¢ 


minants, Bla, a] > Aloo’ T00,)T{o'o>] (7) 


summed for all subsequences oa, o’. Since C[ao’] = Clo’a| (C = A 
or B), the g.c.d. of all the A[oo] and 2A[co’] is a divisor of every 
Bloo}| and 2B{o0’'). (8) 
The g. c.d. of order k of f is defined as follows, and is denoted by 
d,, (k = 1,...,8). Let A = (2a,;), and, with Lemma 1 in mind, write 
#, = 1 or 2 according as k is even or odd. Then p,d, is the g.c.d. 
of all the principal minors and doubles of the secondary minors of 
order k in A: 
4, is the g.c.d. of all the A[oo] and 2A[oo’]. (9) 
For example, d, is the g.c.d. of the actual coefficients a;;, 2a;; of f. 
Since d, > 0, the discriminant is equal to 
d = (—)s?I-/d,. (10) 
For future expediency we shall define 
d,=0 d=1 d,=0. (11) 
If f ~g, A and B may be interchanged in (8). The g.c.d.’s d, are 
invariants of a class. 
We call d, the divisor of f or of its class. If d, = 1, the form and 
class are called primitive; if d, is prime to N, they are primitive to 
modulus N. The form f/d, is primitive, and f is said to be derived 


therefrom. 
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5. The o-invariants of f. Definition of order. For odd primes 
p it is plain that if p”\d,_, then p”\d,. This is proved in §8 for 


— © 
p = 2. Hence d,.ld, (1<k<s8+)). 
The following two theorems are also established in § 8. 


THEOREM 1. Each of the numbers o,, defined by 


: 4p je Upesy Maa Up -_ given Gea (k on 8) (12) 





O% 2 
(Hy. d,.)? dj. 
is an integer. Further: 
0;, ~ 2 (mod 4) (% = 6....,8). (13) 


If any 0; (1 < k < s—1) is odd, then o,_, = 0;,,, = 0 (mod 16). 


Thus 0, = 0=0,, 0, = d,/d?. As here defined, 0,,...,0,., are 
positive. 

These o,, together with d,, will be chosen to replace the d,, as 
invariants of a class, and may be called the o-invariants. All forms 
or classes in s variables with the same index /, the same divisor d,, 
and the same system of invariants 0,,...,0,_, constitute an order. 


The g.c.d.’s d,, are given in terms of the o, by the equations 


d,,, OFoF-...0, - 
SS le (k = 1,2,...,8—1), (14) 
d, being an arbitrary positive integer. 

The greatest common divisor of a set of numbers Aa; (¢ = 1,...,), 
where A is a real number differing from zero and the a; are integers, 
may naturally and without ambiguity be defined to be |A|D, where 
D is the g.c.d. of the a;. Thus the g.c.d. of order k of the form Af 
is +A*d,. Observing with a view to (12) that 

(A* +I)R-1) /(d*)2 =], 


we see that: the invariants o,, of Af are the same as those of f. 


5a. Definitions of even, odd, and classicalforms. An integral 
quadratic form f is called even or odd} according as the primitive 
form f/d, from which f is derived has all its cross-product coefficients 
even or has at least one of them odd. A form is called classical if all 
its cross-product coefficients are even. The determinant of a classical 
form is an integer. 

+ It is appropriate virtually to reverse Smith’s use of these terms. 
3695.6 D 
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6. The comitant forms f/f, and F,,. — be a form (1). Employ 
the notations of § 4. The form f, in the ,C;, variables , defined by 
PfilE) = X Aloo’ lf £0 8 (15) 
0,0 
(u;, = 1 if k is even, py, = 2 if k is odd) 
is called the kth comitant of f. The divisor of f;, is d;,: ef. (9). Also 
fi=f. By § 8, we have 
THEOREM 2. The form f,, is even or odd according as 0, is even or odd. 
Let us write 
(—), = 1 or —1 according as the sum of the elements in o 
is even or odd. (16) 
Replacing every €, in f,(é) by (—),€, yields a new form f;, differing 
from f,, only in the signs of certain secondary coefficients. The forms 
F,=f,/d,  (k (17) 
are called the primitive comitants of f. The (s—1)th primitive comi- 
tant F,_, is called the reciprocal of f/d,. 
6a. Reciprocal orders. (§ 6a is not used in proving Theorems 


1 and 2.) 
The form ¢ = f,_, = d,_, F,_, is the contravariant of f. We have 


a | a a 2 A 45%; Xj, 


where A,; denotes the cofactor of 2a;; in (2a,;). Write H = (A;;). 


Let 7 and 7’ denote subsequences of s — daanailé of (1, 2,...,8), and 


oc and o’ the conjugate subsequences consisting of the remaining k 
elements (k = 1,...,s—1). Then by a simple property of determinants 
= |9q.,|k- aol 
= |2a,,|*-1(—),(—),A[re’. 
Hence, if s is even, the kth comitant of ¢ is seen to be 
_ s(k—1)/2qk-1f 
$y = (— edt "fa—Ks (A) 
where d is the discriminant of f, ie. d = (—)**|2a,;|. If s is odd, the 
kth comitant of }¢ reduces similarly to 
. (s—1(k-1)/2qgk-1f 
(b)i, = me?(— Oe ede": (B) 
From (A) and (B) we can easily write down the divisors of ¢, and 
(4¢),. Let 0; (temporarily) have the same significance for ¢ (and 
hence, by the end of § 5, for 14) as o,, has for f. Substituting for the 
various g.c.d.’s in (12) we immediately find that 
Oj, = O5_5, (k = 1,...,8—1). (18) 
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If a form f has index J its reciprocal has index J’, where 

I'=T1 ifs is even, I’=s—I ifs is odd. (18’) 

If f belongs to the order (d, = 1; J; 04,...,0,_,), its reciprocal belongs 

to the order (1; I’; 0,_,,...,0,;). By (A) and (B) with k = s—1, f/d, 

is the reciprocal of F,_,. The primitive orders (1; J; 0,,...,0,_,) and 

(1; I’; 0,_4,...,0,) are called reciprocal orders. The kth primitive comi- 
tant of F,_, is f,_,/d,_; (& = 1,...,8—1). 


7. Canonical forms of f to modulus p’. In studying the pro- 
perties of the minors of A, to modulus JN, it is expedient to transform 
f into a simple equivalent form, to modulus NV. Two forms f and g 
of type (1) are said to be equivalent, to modulus N, if there exists in 
the class of f a form whose coefficients are congruent, to modulus N, 
to the corresponding coefficients of g. Equivalence, to modulus J, is 
reflexive, symmetric, and transitive. 

LemMA 2. Let s > 2, f being a form (1). Let t be positive, p an odd 
prime. Then f is equivalent, to modulus p', to a form g of the type 

(Yys-++5 Ys) = P™ mM, YZ +p™m, y3+...+-p™m, y? 
(0< a Sa%<...<a,), (19) 
the x; being integers, and the m; prime to p. 


Lemma 3. Let s >2,t>0. Then f is equivalent, to modulus 2, 
to a form g of the type 
J(Yqs-++5 Yq) = 22m, y?+... + 28m, y2+ 
$271 (1 Yor FMPY sa Yura tNe Ysa) +--+ 
$27( Nay 1 Ysa tM OY. 1 Ys tov Ys), (20) 
where (a) the B; and y; are non-negative integers, the m; and m”) are 
odd, and s = u+2v, u > 0, 0 > 0; 
(b) the m® may be taken to be arbitrary odd integers, and 
Ny, Ng,---5 Noy—1 to be odd; 
(c) for no i and j is a B;+1 equal toa y;. 

In proving these lemmas we shall assume without loss of generality 
that f is primitive to modulus p (greater than or equal to 2 respec- 
tively), ie. at least one of the integers a;; and 2a;; is prime to p. 

In the case p = 2 and f even, at least one of the a,,; is prime to 
p. In the case p > 2 and every a;; divisible by p, some 2a,, is prime 
to p; we apply then the unitary transformation 


Six: Xv = Yjst+Yrs x, — Y (Z =— k), (21) 
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which replaces a;; by a;;+2a;,+4,,, which is prime to p. In view 
of the unitary transformation P,;, where P,,; is 
Pri: eH Yo &Y = Yo 1ST (l # 1, k), (22) 
we may assume d,, prime to p. 
Suppose in (1) that a,, is prime to p. The transformation 
Ly = Yy the yot... th,y,; z,=y, (¢ > 2), (23) 


carries f into g with a,, as the coefficient of yj and with 


— — | 9, 
by, = 2a,,+2a,, h, 
as the coefficients of y, y, (l = 2,...,8). The 2, can be chosen to make 
each b,, divisible by p', except when p = 2 and f is odd. Thus 
= ~~ me , , 6 
J(Yxs-++> Ys) = Uy, YI +PG (Yo,---s Ys) (mod p'), (24) 


where g’ is primitive to modulus p, and « is an integer > 0. 

Xven if f is odd and p = 2, f may be equivalent to a form of 
type (24). At any rate in view of transformation (22) we may assume 
2a,, odd. We apply then the unitary transformation 

Ly = Yytheyot... thy,; 

Le = Yothsygt... th, y,, %=y, (t > 3). (25) 
This yields a form g in which the coefficient of y, y, is 2a,,h.+ 2a, 
and is odd; and the coefficients of y,y, and ysy, (l > 3) are re- 


spectively ‘ 1 
pectavely by, = 24, h,+ 204k, + 2a, 


and bo, = by hg+ 204, hj, + 2dg9 ky + 2g. 
Now the congruences 
2a,, h,+2a,.k — 2a 
a sa 1 ‘ 
* = 1 | (mod 2°) 
2049+ 2A. hk, = —2dy, J 
are solvable simultaneously for h, and k,, the determinant 
401; I99—(2a,,) being odd. Thus 
YYr 5-2 Ys) = MYT TMY, Yot Ne Y3+2°9"(Ys,---Ys) (mod 2%), 
where m is odd and the notations are self-explanatory. 
It is clear how Lemmas 2 and 3 (a) follow by repeated applications 
of these results. Lemma 3(0) is a corollary of the following result. 
Lemma 4. Let m be odd, n,, nz be integral, and t be positive. Then 
Ny X37 +-Ma, Lo+N, xz ts equivalent to a like form in which n, is odd and 
m has any desired odd residue, to modulus 2!.+ 


+ It should be noted that then n, is odd or even according as the dis- 
criminant m?—4n, n, is congruent to 5 or 1 (mod 8). 
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If n, is not odd, but n, is odd, we employ P,,; if n, is even also, 
we employ 8,5. Suppose n, to be odd. By the unitary transformation 
Xy = Y,+hye, X= Yo, m goes into m’ = m+2hn,, and h may be 
chosen to give m’ any desired odd residue, to modulus 2. 
To prove Lemma 3(c) we have 
Lemma 5. Let m, m’ be odd, n,, ny be integral, and t be positive. 
The form maj+2(n, x3-+m' x, %_+N, xz) is equivalent, to modulus 2, to 


a jorm P P 
f m, yt-+-mg y8-+ms y3 (26) 


in which m,, mz, mz are odd. 
Replacing 2, by y.+Yy;, 2, by y,, %3 by ys, we obtain 
P 2 ‘ ‘ , ‘ 2 ‘ ’ . 1<« 2 
My Yi 2My Yy Yo 2M'Y; Ygt 2M Yo 2M'Ys Yt 2Ng Ys, 
where m, = m-+-2n, is odd. Now write 
Yy = %+hy2+hs2z, Ye = 22) Ys = %- 
The coefficients 2m,h,+2n, and 2m,h,+2m’ of z,2z, and z,z, can be 
made divisible by 2‘ by choice of an odd h, and an integral h,. The 
new form is congruent, to modulus 2‘, to m, 27+-5, where 6 is a binary 
form in 2, z, in which the coefficient of 23 is odd and that of 2,23 
is even. 
After arranging the s numbers 
! 9 
B, +1, 6.+1,...,B, +1, Ya» Va» Var Var-++s Yoo Yous (27) 
where no £;+1 is equal to any y;, in order of magnitude, we denote 
them by a4, a,...,a. Thus a, < a, <... < a,, and each a; is either 
a B+1 ora y. Let the number of distinct values among the a; be 
g, and arrange them into q sets =, (r = q) of elements of equal 
value, thus: 


Dig = (Ory 435-02 We, gq = (MXag_y410++2 %)- (28) 


Lig = (ergy Oigy 05 . 
We may write 8 

The variables y; in (20) may be rearranged accordingly: thus 
with each &, there is associated a form 2°%, in the variables y;, 
(& = ¢, 8,), Where e,+1 is the constant value of the elements 
of X,. If these elements are of type 8+1, 


f(..<> Bases) = > M,. Yi» 


where the m, are odd: But if the elements are of type y, 8,—s,_, is 
necessarily even, say 8,—s,_, = 2h, and 


(0s Ysese) = 264+ 2bo+... + 2p, 
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where the ¢; are odd binary quadratic forms of the type in Lemma 4, 
in the successive pairs of variables y,. By Lemma 3, every f is equi- 
valent, to modulus: 2‘, to a canonical form of the type 

pb = QMryp, + 2Weypy +... 4+ 2eey,. (29) 

These results should be expressed in a form analogous to Lemma 2: 

Lemma 6. Let t > 0. Any classical, integral quadratic form in s 
variables is equivalent, to modulus 2', to a form of the type (29), where 
py,.--,W, are classical, integral quadratic forms, each in variables dif- 
ferent from those of the remaining forms, and each of odd determinant; 
and the e, are integers (0 < & < €y < ... < @). 

LemMa 7. Lett > 0. Let be a classical, integral quadratic form 
in v variables, of odd determinant. Then, if ys is even, % 1s equivalent, 
to modulus 2', to a form of the type 

m, x3+m,x3+-...+m, 2, (30’) 
where the m; are odd integers. If ys is odd, then v is even, say v = 2r, 
and x is equivalent, to modulus 2', to a form of the type 


9 


2(m, ei tmx, La+N, 13) +... +2(m,x2_,+mx,_, x, +n, 22), (30”) 
where the m, are odd integers, the n; are integers, and the m® are arbitrary 
odd integers. 

A canonical form, (19) if p > 2, and (29) if p = 2, of f is called 
a principal residue of f to modulus p'. 

In connexion with (29) it is useful to define 

6, = 0, if a, is a B+1 
1, if a, is an initial y ; (31) 
—1, if a, is a terminal y 

An initial y denotes a term a, of type y occupying an odd place of 
its set X, in (28), that is, for which s,_, << k < s, and k—s,_, is odd; 
a terminal y occupies an even place. An initial y = a, and its suc- 
ceeding terminal y = a,,, may be called twins. 

With each pair of twin terms «;,, a,,, of type y is associated a 


matrix 
a b 
; (32) 
( ’ 
where y = ao, = O44, @ = 2%+lm, b = 2Ym’, c = 27*1n, m and m’ 


being odd, n integral. If ¢ is a principal residue of f, to modulus 2", 
the matrix of 2¢ consists of a series of single terms 2°+1m,, (oj, = B+1) 
and binary matrices (32) situated along and symmetric with the 
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principal diagonal, all remaining elements being zero. Further, 

x, are in order of magnitude, and any «, of type y is unequal 

to the nearest preceding and succeeding a’s of type 8+1. It should 
be noted that ac—bh? = 2%+%+:1M, where M = 4mn—m” is odd. 


8. Proof of Theorems 1 and 2. With Minkowski let us denote 
the exponent of the power of p dividing d,, by @, = @,(p). By (11), 
@) = 0. Forms which are equivalent, to modulus p*, for a sufficiently 
large t have the same values @,. It will suffice to have ¢ > «, in 
(19) and (29). 

(i) p > 2. By (19) we have 

0; = a ++... Fay 
Hence @;, > @,_,. The numbers w, defined, when p > 2, by 
= (Op41— Ox) —(O,— Ops) 
are also mets e or zero, since in fact 
Wy = Ap4y— Ap. 
Plainly, w, is the exponent of the power of p dividing o, in (12). 
(ii) p = 2. The exponent of the power of 2 dividing 0, is 
wp = Ops3— 20, +21 +2A1+(—1"} (k= 1... 8—1). 
Let us write 
PR = %+%+...+a,, 
, = 0, if a, is a B+1 or a terminal y, 
= 1, if a, is an initial y. 
Hence, by (31), 6; = &,.—€,-1- 

By the sequel to (32), the exponent of the power of 2 dividing the 
leading principal minor determinant of order & (in the matrix of 2¢) 
is p,+e,, and this is the greatest power of 2 dividing all the principal 
minor determinants of order k. Further, the exponent of the greatest 
power of 2 dividing the doubles of all the secondary minors of order 
k is never less than p;,+1, and is p,+1 if a, is an initial y. Conse- 


quently we have pp 2k = Durer, (38) 


f;, is odd or even according as e, = 1 or e;,, = 0. (39) 
Hence, at once, by (9), (38), (36), and (37), 
Onsi— Ox a ps1 —(—1)¥+-Oj 41 (k = = 0,1, ,8—l1). (40) 
Except possibly when a,,, = 0 or 1 and 6,,, = —1, it is now obvious 
that @;.,;—0, > 0. This is true even in that case, for then a,,, is 
of type y and equal to a,, whence & is odd. 
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Finally, by (35) and (40), 
Wp = Uppy — Ap + 2+-Oy 1 — Oy. 
Since a;,,, > a,, and, by (31), 
w,, = 0, if and only if a, is an initial y, 
i.e. if and only if «, = 1, 
i.e. if and only if f;, is odd. 


This completes Theorem 2. Also, for k = 1,...,8s—1, (41) yields 


wo,=0 or w,2> 2; | 


ifw,=0, thena,,>4(k>2), wey > 4 (k <s—2).) 


(43) 


These facts involve Theorem 1. 
Corresponding to (31) we now have the following values for 6,: 
6, = —1, if w,_, = 0, 
l, ifw,=0, ; = 1,...,8—1). (44) 

-Q otherwise 
We can thereby determine ,,...,, and the type 8+ 1 or y of each a,, 
uniquely in terms of @, and a),...,w,_,;. For we have 

Xy, = y+... w,_,— 2k—8,.+-3+ 4, 

a, is of type y, if and only if w, = 0 or w,_, = 0. 

8a. The correspondence with the Minkowski-Smith in- 
variants. By (41), «j,, = o,, if and only if 
w, = 2; or w;, = 0; Or w,, = 0, wp= 4, Weiy = 0. (47) 
Thus a,,, is the first element of its set {, in (28), only for the values 
k not satisfying (47). 

It is to be observed that the classical Minkowski’s o, and Smith’s 
I;., which are identical and which we denote temporarily by Smith’s 
notation J;,, are related to ours by the equation 

9 
O;, = 40,4 Ly, Op 41/O% (48) 
where o;, is 1 or 2 according as 0, (or f;,,) is even or odd. It is easily 
verified by use of (13) that the cases (47) are precisely those in which 
[,, is odd. 

9. A special condition if 0,, 03...., 0,., are odd, s even. Let 
01, O3,..., Og, be odd, s even, whence, in (20), s = 2v, u = 0. We may 
suppose d, = 1. Then (29) is of the type 

J = Py +2 ypgt 2st... +21 hoy 1, (49) 
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where each %; is an odd, primitive binary quadratic form in the 
variables y;, y;,,;. By (10) and (14) the determinant of 29 is of the 
form (—)/0, 03... 0,_, 2(8M-+1), 
where A and M are non-negative integers. But the product of the 
determinants of the 2; is the product of 4s numbers of the form 
4n—1. Since the modulus 2‘ can be taken arbitrarily large, we 
must have = 1 (mod 4). (50) 

THEOREM 3. The condition (50) is satisfied by the signature s—2I 
of any order of forms (1) in which s is even and 0, 05 


= )e-2D2o, Og... Og_4 


10. Necessary and sufficient conditions on (1, J, 0,,...,0,_,) for 
an order to exist. Smith’s enumerationt of the further rela- 
tions, in addition to (13) and Theorem 3, which the invariants 
defining an order must satisfy in order that corresponding forms may 
exist, is incomplete; his specification of certain relations to be satis- 
fied by the generic characters probably covers this omission, but is, 
of course, complicated to apply. Minkowski’s discussion, covering 
the generic characters, is rather intricate.{ The relations in question 
take a distinctive form in our notations. In view of these circum- 
stances we shall now present a direct investigation for the simpler 
case of an order. The extension to a genus is then in fact more 
perspicuous. 

Analogously to § 4, let 


k—1), gooey (0<k<s8). 
Then we have the identity 
A[oo|A[o’o’ |—A[oo’|A[o’a] = A[pp]A[r7], (51) 
for any square matrix A of order s, a well-known relation for a 
second-order minor in the adjoint of the determinant A[rr]. 

Let A be the matrix of 2f, whence A[oo’] = A[o’o]. The leading 
principal minor determinant of order k, namely, A[oo], is of the form 
u,d,,1,, where l,, is an integer. In particular, by (10) and (11), 

l=1, J,=(—1). (52) 


The sequence of numbers by, Ey,.--5 0, (53) 


forms a reduced leading chain of minor determinants of f; 1, is the 
leading coefficient of KF, (k = 1 


t+ Loe. cit. 512-13. t Loe. cit. 78-9. 





42 GORDON PALL 
We require the following theorem of Minkowski and Smith: 


Lemma 8. In the class of forms equivalent to f there are forms in 

whose reduced chain (53) 
L,, is prime to 2l;,_1Uj.41 01 09... Og—4 

The proof, which is worth our while to review, is based by 

Minkowski (whose proof, pp. 21—2, is faulty) on the lemma that if 
,¢, are any r forms in the class of f, and N,,...,.N, are any r non- 

zero integers which are relatively prime in pairs, then there exists 
a form ¢ in the class of f such that 6 = ¢;(modN;) (t= 1....,7). 
Smitht gives a satisfactory proof of a more fundamental lemma, 
from which Minkowski’s follows: if a determinant |t;;| = 1 (mod J), 
we can alter the elements ¢;; by multiples of N to secure a deter- 
minant actually equal to 1; the extension to moduli N, 
relatively prime in pairs is obvious. 

Consequently, by Lemmas 2 and 3, there exists in the class of f 
a form ¢ which is, to modulus p’, a principal residue of f to the 
same modulus for any number of powers of different primes. Such 
a form is called a principal representativet of f to modulus [J pj). We 
shall include among the p; all the primes dividing 20,...0,_,, and 
shall always suppose n; > a,(p;). The latter convention ensures that 
the leading principal minor determinant of order k in the matrix of 


9 ic » for 
2¢ is of the form 1, Pim, 


where m, is prime to p;, for each j; hence it is of the form p,d;,/;, 
where /,, is prime to all the p;. 

It remains to secure that 1, be prime to 1,_,._ Minkowski’s treat- 
ment at this point (p. 72) seems to be not quite complete, but is 
supplemented by Bachmann.§ We have /, = +1. If & is the largest 


8 


integer for which /, is not prime to /;,_,, consider 

e(21,...52,) = O(@ es O,..-, 0). 
Then d,,...,d;_, are the same for % as for ¢, but d,(y) = +d,l,. If 
we apply to f any unitary transformation 7' leaving 2;,,,,...,7, un- 
altered, the determinants of % and of 4(2j,...,x;,0,...,0) (k& <4 < 8) 
are unchanged. We employ such 


are unchanged, whence /,, 1;,,,,..., l, 
a transformation 7' which carries % into a principal representative 

+ Op. cit. ii. 635-6. 

t The determination of a principal representative in a finite number of 
steps is discussed by Minkowski (pp. 33-5). 

§ P. Bachmann, Die Arithmetik der quadratischen Formen, i. 452-3. 
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of itself for the primes dividing J, as well as 20, 0,...0,_,. Then the 
new /,_, will be prime to /,, and we have reduced the problem to 
a lower value of k. 
To proceed: by (9), we may write (51) in the form 
(oie Lael) pope Nye) — Fog Uy)? = (Mya Ta aM Tes esr) 

where z and J; are integers; and hence by (12) we have 

—0, 1, sha, = 2—Al, l,.. (55) 

Consequently Lemma 8 implies 

Lemma 9. If the order (1; I;0,...,0,-,) actually contains forms, there 
exist integers 1, = 1, l,,...,1,4,1, = (—1)! satisfying (54) and such that 
the congruences — 0,1, 41.44 = H (mod 41,) (56) 
are solvable in integers z;, (k = 1,...,8—1). 

The index J of f is equal to the number of consecutive sign-changes 
in a chain of principal minor determinants and hence in the sequence 
(53). We shall hereafter assume (54), so that none of the 1, are zero. 
We write «, = +1 or —1 according as 1, is positive or negative, 
whence eg = 1, €, = 1, = (—1), €é,l, >0 (k= 9....,8). 

Since (54) holds, (56) implies both of 

Cy. = (—04 13 Ups lent) = 1 (k = 1,...,8—1) (57) 
and — 041,414, = 1 (mod 4), if 0, is odd. (58) 


It is easily verified that 


(Lssaleels(—bi Neca bisa) _ KA; (¢ = 0,...,a—1), (59) 
where 
K, = (—1)GMGs DA, A, = (—1) e104 (2 = 0,...,8—1); 
(60) 


and it is plain that ¢, ...¢,_, is the product of the s left-hand members 
of (59) by the s—1 numbers 


ve = (Oplegl,) = (& = 1,..., 8—1). (61) 

Consequently, by (57), (56) requires ¢,...¢,_,; = 1, that is, 
Ko +++ Kg—yAg +o Ag—z Vy »-- Mg—y = I. (62) 
Now J is the number of consecutive sign-changes in (€ ,...,€,). (63) 
To each change from + to — corresponds a factor A; = —1. Hence 


No + Ag_y = (— 1), 
and (62) reduces to 


Kg ..- Rag My <ceB yng B= (— 1M, (64) 
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We shall now show that, if there exist integers /, = 1, J,,...,J,_4, 

1, = (—1)! (the sign +1 of 1, being represented by ¢;.) satisfying 

(54), (58), (63), and (64), (P) 
then there exist other integers J,, having the same properties and 
signs and also satisfying (56); and hence we shall be able to construct 
a form in the order (1; J; 0,,...,0,_,). 

For set m, = 1, = 1. Without affecting the validity of (P) we can 
replace 1, by m,, where ¢€,m, is a positive prime (or 1) and m, = 1, 
(mod 80,). Next, by (54) and (58), we can replace /, by mz, where 
€)M, is a positive prime, m, = /, (mod 80), and the congruence 

—0,Mym, = 27 (mod 4m,) 
is solvable for an integer z,; the truth of (P) being retained. We can 
proceed in this fashion until we have chosen e,_,m,_, to be a positive 
prime (or unity) satisfying 


—0,_2M,_3M,_, = 22_, (mod 4m,_.), m,_, = 1,_, (mod 8o,_,); 
while the system J, >1, 1, >m, ..., 1,1 > m,-1, 1, >m, = (—1)/ 
satisfies (P). Further, with the m; substituted for the /,;, 

q = eee — a 2 — i. 


whence (64) shows that ¢,_, = 1, and hence that the last of the 
congruences 
—O;,My,_4 Mp4 = 2 (mod 4m,) (k = 1,...,8—1) (65) 
is solvable for an integral z,_,. 
We shall now try to construct a form ¢ in the order (1; I; 0,,..., 0,_1) 
with a matrix for 24 of the type 
29 Uy, 


, Dy an 
W, 2, We 








= 25-1] 
with zeros elsewhere. Let M;, denote the leading principal minor 
determinant of order k. We wish to identify VM), with y;d;,m,. Thus 
M, = 1, M, = 2v) = 2d,m,, whence vg = m,, and generally, if 
oss Myiy = 20,M,—wi My» 


a i — led 
Har Tey Mpsy TURE Mp1 py Mp1 = 2, py, dj, M,,. (67) 

















ON INTEGRAL QUADRATIC FORMS 45 
Now, since by (12) or (14) 
4 Nyy, dy, = 204 0g... Op Mya Ua (68) 
we must have (for k = 1.,...,s—1) 
422k oF |. Of 1 O¢ Mp4 +Myz_, WE = 42-*o, ... 0, 1 Vy, My. (69) 
We shall therefore, in view of (65), writet 
Oj My 41 +My Ze = 4m, ty, Ve = ™, 
W, = H-*o, ... 0, 12, v, = 4-0, ...0,,¢, (& = 1,...,8—1). (70) 
By this construction the leading minor M,, has the value p;.d;,m,, 
(t= s). Hence the index, determined by the signs of the m,, is I. 
Since m,, is prime to py., 4,4, Mp4, = M),.,, we have merely to see 
that all the remaining principal minors and twice all the secondary 
minors of (66), of order k, are divisible by y;.d;,, to ensure that d,, is 
the g.c.d. of order k. Every such minor J’ of order k is obtained by 
bordering some M, (0 <r < k <8) with k—r rows and columns, 
the first row being at least the (r+ 2)th, the first column at least the 
(r+1)th. 
On bordering M/,,_, with the (k+-2)th row and column, we obtain 
a determinant having the value 2v,.,, 4;,-1¢;,—1™,-,. The quotient of 
this by px;,d,, is }m,_, 0; t;,,,, by (68) and (70), and must be integral. By 
(70), if o,,, is even, 4|z,,, if and only if 4/¢,,,; hence we need 
4\z,,, and 4|t,.,, for each k such that 0, is odd (0 << k < s—1). (71) 


To satisfy this condition we replace z;,,, by 2|m,..;|—2,4,, which is 
also a solution of (65), if z,,, = 2 (mod4). Condition (71) is finally 
seen to be sufficient. 

For, generally, the minor M’ is equal to »,d,m, multiplied by zero, 
or by a sum of terms of a type +1, ...u,_, characterized as follows: 
let r+2<h, < hg < ... < hy_, < 8; u; is one of the numbers 


Wh, 1 2Vp,-1) Wh, 

chosen from the h;th row, no two factors w,,..., u,_, belonging to the 
same column in (66). The terms of a secondary minor M’ are dis- 
tinguished by containing at least one factor u; = w, such that neither 
U;., nor u;_, is also w,; in such a case we can prefix a factor 2 to 
each term. 

+ Minkowski (loc. cit., 77) introduces an extra factor 0; in his definitions 
corresponding to v, and w,;, in order to simplify his discussion. But this 


weakens the analogy with the best treatment for s = 2 and 3, and hampers 
an extension to the case m, not prime to ox. 
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By (68), u;.d, = u,d, 2&,,; 2€,40-.. 2€,, where 
&, = 0, ...0,_,/4*-1 (ha: ;..:;8). 
Hence we have merely to prove the integrality of 
{ty /(2E,41)} --- {Ux—r/ (2E%)}, 
or of its double, if M’ is secondary. We abbreviate 
beg = €,45/€ p44 = Cag Qagal/¥* (0< 8 <j < e—12). (74) 


Sij +g/ Sr 


By (70), wy = €, 2, VU, = €&t,, and the ith factor of (73) is of type 
20,45 (2,., )= = E,;t r+j or Wy 45 (2,1) oan bE 3 Zp 4: (75) 


Now, by (13), €;; is an integer unless 


bij 
12> -+-9 Op gy OTC odd (j—i odd); (76) 
and in this case 4£,;; is an integer, and hence £;,;t,,;, €;;2,,; are still 
integral by (71). If then there is only one factor of type 3€;;2,4; in 
(73), M’ is secondary and the prefixed factor 2 ensures the integrality. 
Finally, if there are two or more such factors, consider any of 
them other than the last, say 3£;;2,,;. If 0,,; is even, z,,; is even 
by (70), and €;; is an integer save in case (76); if 0,,; is odd, 16}o,,;_, 
and hence, by (13), £,; is a multiple of 4 unless 
r+i42s *++7 Op4j-g are odd (j—z even), (76’) 
is still an integer. Thus }& 


in which case &;; $£;;2,,; may be half an 


tj 
integer only in case 


-50 (x = 0 or 1) are odd. (77) 


r+j-K 
The succeeding factor in (73) may be (i) $€;,,;2,4; («<j < s—1), 
(ii) dE isrjin%ajan (0 <I <J+h < 8—1), or (iii) RR Me In 
case (i), (77) implies that 16\o,,;,,; whence either €;,,; or z,,; is a 
multiple of 4 and both are integral; in case (ii) or (iii) similarly, 
(77) and (71) compel the factor to be a multiple of 4. 


What, finally, are the conditions on J and the 0,, —_— (13) and 
=(— 


Theorem 3, that there shall exist integers /, = 1, J,,..., 1 


8 


1)! 
(with signs € ,...,¢€,), satisfying (P)? 

We can choose infinitely many sets of integers J,,...,/,.,, with 
arbitrary signs ¢, and arbitrary odd residues +1 (mod 4), to satisfy 
(54). Condition (58) limits the possible residues, to modulus 4, but 
leaves the choice of signs unrestricted except when 0j, 03,...,0,_, are 
odd and s is even; then (58) requires that 

(—)8?0, 0g...0,_,/)/, = 1 (mod 4), 
where J, = 1 and 1, = (—1)/, which is condition (50). 
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With this one restriction on J satisfied, we consider the effect on 

v, of replacing 1, by 1,,4+-4n, where n is an integer of the same sign 

as 1, and (54) still holds. If o, is not a square there are infinitely 

many values » for which v, = 1 and infinitely many for which 
v;, = —1. Consequently (64) can be satisfied except when 


all of 0, 0,,...,0,_, are perfect squares. (78) 
When (78) holds, v, = ... = v,_, = 1 and (58), (64) become 
Leia F U,, (mod 4) whenever o, is odd, (79) 
eo Ky 200 Ry. = (—1)(@ +02) (x, = (— 1 GH: 12/4), (80) 
Evidently «; = —1, if and only if 1; = 1 and /;,, = 3 (mod 4). We 
call such a consecutive pair 1;,1;,, a (1,3)-change. Then (80) gives 
the number of (1, 3)-changes in J,...,/, is congruent, to 
modulus 2, to [(7+1)/2]. (81) 
Given an index J and square invariants 0,,...,0,_,, the remaining 
question is: can we choose odd /;, whose signs «,, agree with (63), to 
satisfy (79) and (81)? We shall now see that such a choice can be 
made, if there are three different values of k (0 < k < s—1) such 
that 0, = 0,,, = 0 (mod 4); and that, when there are not more than 
two such values of k, the choice can be made if and only if 
s—2I #~3,4,5 (mod8). (82) 
For the only restrictions on the residues of the /; to modulus 4 are 
(79) and the values /, = 1 and 1, = (—1)!. We are free to assign to 
any particular /; either residue +1 (mod 4), unless either 0,, 0s,...,0;—, 
are odd, in which case 1; = (—1)!?, or 0;,,,0;49,---,0,-, are odd, 
whence J; = (—1)/+6-92, 
To expedite the counting of (1, 3)-changes .consider the case of 


Oj495 Oj 445+++5 Op, Odd (83) 


(whence o; and 0;,, are even), where —1 Ci <j <k <8, and j—i 
and k—j are odd. The number of (1, 3)-changes in /;,,,1;4.,...,d, is 
independent of j, and depends only on i,k, and the choices of 1;,, 
and /,; it is therefore the same as in the case 


0449) Of 4.4)--+) Op» Odd, 0,_, and 0, even, (84) 
with the same choices of /;,, and J,. For the residues of 1; ,,,1;43,..., 1; 
and of 1, l,,_9,.-.,4;,, are alternately 1 and 3, or 3 and 1, depending 


on /;,, and J,; the values of 1;,9,1;44,...,l;-2 and 143, lj45,-..,ly-2 are 
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therefore immaterial and may be disregarded in counting (1, 3)- 
changes. If now 7 < k—1 and we replace j by j+-2, the number of 
(1, 3)-changes is unaltered: e.g. 

131, 313 > 1313, 13; 131, 1313 > 1313, 313. 


Suppose then that o, and o,,, are even for the three values 
h = i,j,k at least, where 0<i<j <k<s—l. Employing the 
preceding transformation we can suppose that there are four con- 
secutive even 0,, SAY 0; 5, O,-1, 0%, O;4,. Since the residues 1 or 3 of 
l,,, and /, are unconstrained, we can satisfy (81), whatever be the 
values of /,,_, and /,,,, as is plain from the following schemes: 

1111 or 1331; 3113 or 3333; 1133 or 1313; 3131 or 3311. 

Next let there be only two values h for which o, = 0,,, = 0 
(mod 4), say ¢ and 7 (0S t<yj<s—l1). Then 0,, 6g....,0;_1,0;4., 
O4445+++5 Oj_y, Oj 49) Oj 445+++) Og are Odd; i—1, j, s—j are odd, s is even. 
By the above transformation we can suppose (without loss) that 
01, 03,..., 0,3 are Odd; 0, 5, 0,.,, and o, even. Then /,_, = (—1)*-?, 
l, = (—1)/. If (s—2) = TJ (mod 2) the choice /,_, = 1 or 3 gives 
at will an even or an odd number of (1,3)-changes. If, however, 
s—2I = 0 (mod4) the number of (1,3)-changes is }{s+1—(—1)’}, 
whence (81) excludes only s—2J = 4 (mod 8). 

If 0,,05,...,0,, are odd, s—2/ = 0 (mod 4) by (50), and, as the 
number of (1, 3)-changes is again }{s-+1—(—1)/}, s—2I = 4 (mod 8) 
is the only excluded possibility. 

Finally, if 0, and o,,, are even for only one value of h, we can 
transform it to be h = s—1. Then s is odd, and the number of 
(1,3)-changes is }{s+2—(—1)/}, and (81) thereby rejects only 
s—2I = +3 (mod 8). 


THEOREM 4. Let O< I <8, let 0j...., 0,_, be positive integers, and 
= 1 s-l1 7 uh 
let 0, = 0, = 0. Then a form exists having these invariants, if and 
0 8 g ) 
only if 
(i) 0;, # 2 (mod 4) (0 =< 2 =a); 
(ii) of 0, 1s odd, 0, , = 0,4, = 0 (mod 16); 
(iii) if 0,05...0,, is odd, s even, then (—)!*-*,0,...0,, = 1 
(mod 4); 
iv) if all the o, are squares, and if 0, = 0,., 0 (mod 4) for not 
ke q ke k+1 
more than two values of k (0 << k <8), then s—2I # 3,4,5 
(mod 8). 
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It is worth while to remark the special result: 
If s = 2, 3, or 4, and J = 0, and if all the o, are squares, 
then none of the o, can be odd. (85) 


11. The o-invariants of the comitants of the comitants. 
Smith, who was apparently the first to recognize the intermediate 
concomitants [comitants] /f,,...,f,-2, left an interesting point un- 
settled. This we now propose to elucidate. 

If s > 3, there are, besides the fundamental concomitants f,,...,f,1, 
an infinite number of others, namely the concomitants of the con- 
comitants, and so on indefinitely. Their invariants being also in- 
variants of f, Smith remarks} that ‘it is important to know whether, 
in order to obtain the distribution into orders, it is, or is not, necessary 
to consider these other concomitants’. He states that ‘it can be 
shown that it is unnecessary to consider any concomitants other than 
the fundamental ones, as regards the primary divisors’ [the g.c.d.’s 
of all the minor determinants of any given order]. ‘It is probable 
(but it seems difficult to prove) that the same thing is true for the 
secondary divisors’ [the g.c.d.’s of all the principal and doubles of 
the secondary minors of any given order}. 

By our results (Theorem 2) the primary divisors are completely 
determined by the secondary divisors, and it is required only to show 


precisely how to find the o-invariants of f,, from those of f,. 
The simplest relationship among these invariants, namely, 
O1( fx) = On(Sr) ins (86) 
is of some: importance and easily proved otherwise. The index J’ of 
|. is readily expressed by the following formula in terms of the index 


I of f;: , I i 
1 ->I, e Se sa (87) 
= \2e 2u- 
To proceed, denote by p® the power of p dividing o,(f,) 
s—1), and by p®* the power of p dividing o,(f;,), where 
k<sand0<h<A (A= ,C,). 
In (19) or (29), there are A sums of the numbers a4,...,a, taken 
k at a time. Arranged in ascending order of magnitude they may be 
denoted by 5,,..., 5); thus 8, = ay+...-ay, 53 = ay... ap_y + Opigs- 
(0<8, <8 <... < 8). 
First, suppose p > 2. If we take the kth comitant of the canonical 
+ Loe. cit., 415. 


3695.6 E 
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form (19) of f we obtain a canonical form x of like pattern for f,, the 
modulus p! being sufficiently large. It is plain from y and (34) that 


Onn = 8y41—5), (h = l,...,A—1). (88) 


In particular as regards (86), w4j, = j4;—j, = @ . 

Secondly, suppose p = 2 and ¢ sufficiently large. The kth comitant 
of (29) is not in general in the pattern of (29), but we shall see how 
to put it into that form. 

Each sum 4; is of the form 

Oy, Oj, FO, i<4,<t<..<% <a). (89) 
With the sum 4; we associate the subsequence (?,,..., 7), and denote 
this subsequence by o;. The A subsequences of (1,...,8) of & elements 
are, in a certain order, 0},..., 0). 

There is an indeterminacy in the arrangement of equal sums (89). 
Each «a, of type y is associated with its twin, which is a, Or a_, 
according as a, is an initial or a terminal y. If r (> 0) terms a, 
(h = h,,...,h,, say) occur in a sum (83) without their twins, that sum 
forms part of a system of 2" twin sums, obtained by replacing some 
or all of the terms a, (h = hy,...,h,) by their twins. The sums 6; may 
be so ordered that a system of twin sums occurs consecutively. 

Let M denote the matrix of (29). The matrix of the kth comitant 
of (29) has as its element in the ith row and jth column the value 
of the determinant M[o;0;|. Now the elements of one row of M[o;o;] 
are all zero unless 5; and 6; belong to the same system of twin sums. 
Consequently the matrix of the kth comitant consists of a series of 
square matrices situated one after the other down and symmetric 
with the principal diagonal, with zeros everywhere else; one 
square matrix of order 2” corresponding to each system of twin 
sums (89). 

Consider such a system of 2” twin sums, and denote the corre- 
sponding matrix of order 2” by R. We may suppose r > 2. Neces- 
sarily r<k. Let |,,...,1,_, be the indices 7 of those a; which are 
common to all the twin sums of the system; and let a, (A = A,,...,h,) 
be the initial y’s of the system, so that a, (h = h,+1,...,h,+1) are 
the terminal y’s of the system. Then all the elements of R have 
a common factor of the type 


27m (7 = a+ Oy, my, 3, 


where m is an odd integer. Write R’ for the matrix R/(27m) obtained 
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by removing this factor. Then R’ may be described as follows. We 
may set b 


ot (90) 


i. 


a 


= sek i 
Xp; ae Xn s+19 «Seca ( 





% = i 
u 
where a; = 2%+1m,, b; = 2%m®, c; = 2%+1n; (¢ = 1.,...,7r), the m,; and 
m” being certain odd integers, the ; certain integers. The elements 
of R’ are the 4” possible products of r elements, one chosen from each 
of the matrices v;._ Thus the first row consists of all products in which 
one element is taken from the first rows of each of v,,..., v,; the second 
row employs similarly the first rows of v,,...,v,_, and the second row 
of v,; and so on, the selection of rows being parallel with the selection 
of columns: 


@,Q,...4, G,...4,,6, G,...@.6.4 . . .: O05:..%, 
By ...GpigG, “Gy. G96 Gy Guere . . » eee 


In the notations (90), if we set 7 = y,+...+y,, then 7+7 is the 
common value of the sums 8; of the system. The factor 2” can now 
be removed from every row of R’. The matrix left behind is evidently 
the matrix of a classical, odd form, since the diagonal elements are 
all even while at least one secondary element (0, ...b,/27) is odd. The 
form is, in fact, also of odd determinant, since, reducing the elements 
to modulus 2, we substitute 0 for a; and c;, 1 for 6; in (90) (¢ = 1,...,7r), 
and obtain in place of R’ a matrix in which a unique element in 
each row and column is 1, the rest zero.tf Thus Lemma 7 applies 
and shows that the form of matrix R is equivalent, to modulus 2, 
to a form of the type (30"), multiplied by 27+”. 

Among the sums 4; in (89) certain ones may have no twin sums; 
these correspond in R to an isolated term 2%+1m ; (m; odd) as the 
jth element on the principal diagonal. If any such isolated term 
exists with 5;+1 equal to the value 7+-7 of a system like that con- 
sidered above, that system together with the isolated term can be 
brought as in Lemma 5 to a diagonal form. 

The kth comitant of (29) is thereby transformed into a form of 
the same kind as (29), in a manner which determines uniquely the 
powers of 2 dividing the various quantities o,(f,,) in terms of the 
powers of 2 dividing 0,,...,0,_,. 

+ It can indeed be shown that the determinant of R’ is equal to the product 
of the determinants 4m;n;—m* each raised to the (2’~1)th power. 
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Introduction 
In this paper contour integrals representing the product of two Bessel 
functions are studied, and applied to obtain new results. There are 
four parts. In the first (covering the fundamental equations) two 
contour integrals for J,,(a)J,(b) are developed which form the basis 
for all the subsequent work. One of the contours is then studied for 
a special case of importance. The part terminates with the proof 
of a theorem concerning cylinder functions. 

The second part is devoted to a study of the Weber-Schafheitlin 
integral and its generalization. Some progress is made towards 


evaluating the generalized integral. In part III a Neumann series 
for the product -J,,(zx) J,(z—za) is obtained. Part IV deals with the 
class of functions having the property that the product of two of 
them may be represented by an integral involving a third. As a 
special case an integral for the product of two Hermite polynomials 


similar to the integral for the product of two Bessel functions is 
obtained. 

The general problem of obtaining integrals to represent the product 
of two of the same or different kinds of Bessel functions has been 
studied recently by A. L. Dixon and W. L. Ferrar.* Although it is 
possible to demonstrate the equivalence of certain of the results given 
in the first part of this paper with certain of their results, the treat- 
ments are in general quite distinct both from the point of view of 
the methods of analysis employed and the results obtained. An 
integral similar to those used by Dixon and Ferrar for the product 
of two Bessel functions has been developed by G. N. Watson who 
applied it to a study of the generalized Weber-Schafheitlin integral.+ 
His results are of a different nature from those given here. 

I gratefully acknowledge my indebtedness to Professor H. Bateman 
for many helpful suggestions concerning the preparation of this 
paper. 

* Quart. J. of Math. (Oxford), 4 (1933), 193-208, 297-304. 
+ J. of London Math. Soc., 9 (1934), 16-22. 
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I. The fundamental equations 


The existence of the fundamental equations was inferred by multi- 
plying two integrals of the type 


(0+) 
a\™ | dt a 
J,,(@) a () a, [ i exP(—F] (1.1) 


together, and then changing the variables so that one of the integra- 
tions could be performed. This gave the result 


(o+) 
a™b” [ dt (T) 


J,,(a)J,(b) = =e (1.2) 


271 | mp = +n 


2 
where T= (T+ - ) (1.3) 
1—t 

Throughout the work 7’ is taken to have this definition. For definite- 
ness we take the argument of 7' to be that one which becomes zero 
when the arguments of a, b, ¢, (1—t) approach zero. 

This method of deriving (1.2), to which we shall return in part IV, 
applies only to the case in which m and n are integers. When they 
are not integers we may use (1.2) as a guide and formulate the 


equations 
(1+,0+,1—,0—) 


M J,,,(T)T-"~ dt, (1A) 


atbh’e™ ie +v) | 


On ae 


where n+ is not an integer, and 

J,,(a)J,(b) = = _AT)T-"- dt, (1.5) 
where R(u+v) > —1. In both ie equations, as throughout the 
paper, M = t-¥-(1—t)-’-". The contour for (1.4) is of the Poch- 
hammer type, while that for (1.5) is any contour L, starting and 
terminating at infinity, that can be deformed into the straight line 
joining }—ioo and }+ ico without passing over the points ¢ = 0 and 
¢= 1. In (1.4) the arguments of ¢ and 1—1¢ are taken to be zero at 
the starting-point P and in (1.5) they are zero at the point where 
L crosses the real axis between the origin and ¢ = 1. 

In order to verify our equations we need relations of the type 

s0—) 


esd ma — (e+ (1.6) 
4m sin 7(u-+-v) : | v f 
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Qn v | 


and ; a dt = er, (1. 


where we use the notation 7 = = eset *) for the general- 
|» J P@+)re+) 

ized binomial coefficient. The first relation is subject to the restriction 

that »+v is not an integer and the second to R(u+v) > —1. 


Equation (1.6) is a consequence of Pochhammer’s extension of the 





Eulerian integral of the first kind.* Equation (1.7) may be derived 
from (1.6) by deforming the Pochhammer contour. 

We shall indicate the work necessary to verify equation (1.5). The 
proof of (1.4) follows much the same lines. By using the power series 
for the Bessel function we obtain, if R(u+v) > —1, 


uv | — =. pale / : (FF - 
ath [a dt J,,,,(T)T-"-” = ab {20 ——— 


m. (= Yranseaprste-9) La M dt 
_ * pS 2e+"+2rTT(u+v--r)r! \s} , 18(1—t)"-* 


r=0 s=C 


—— 
= 2ni J,,(a)J,(6). 
In passing from the second to the last equation we evaluate the 
integral by (1.7) and interchange the order of summation. The 


various interchanging operations are permissible since the series and 
integrals} encountered are either absolutely or uniformly convergent. 
We have therefore established equation (1.5) for all finite values of 
a and 6 for which the series representation of the Bessel function 
holds, which, since the Bessel function is multivalued for non- 
integral orders, may be taken to be in the range —z7 < arga < 7 


and —7<b<at 


Various forms of the contour L 

When a and # are both real or both imaginary, the contour L may 
be made to coincide with the path along which 7” is real. We shall 
study the means of attaining this object but, for convenience, shall 


* Modern Analysis, § 12.43. In this paper there are many references to 
three sources: Whittaker and Watson, Modern Analysis (4th edition, Cam- 
bridge University Press); Watson, Theory of Bessel Functions (Cambridge 
University Press); and Bromwich, Theory of Infinite Series (Macmillan & Co.). 
For the sake of convenience they will be designated by their titles only. 

+ Theory of Infinite Series, § 1764. 

+t Theory of Bessel Functions, § 3.13. 
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limit ourselves to the case when both a and b are real and positive. 
Upon replacing t by «+-iy we see that we want the imaginary part of 

2 b2 
fo eg 
xt  (l—x)—-1y 


to be equal to zero, that is, we must have either 


y=0 (1.8) 
a? 72 a2b? 

, p+ ine 2 — ——_——-. 1.9 
™ 2 ya| +y (b2?—a?)? (1.9) 
The first is merely the real axis. The second, (1.9), is a circle. If 
b > a, the radius is ab/(b?—a?) and the centre is at t = —a*/(b?—a”). 











-@ 





Fia. 1. 


The circle encloses the point ¢ = 0 but not? = 1. As b becomes equal 
to a, the circle becomes the straight line « = }. When b < a, the 
circle is of radius ab/(a2—b?) with its centre at t = a?/(a?—b?). This 
circle encloses ¢ = 1 but not t = 0. 

The contour Z may now be built up from sections of (1.8) and 
(1.9). This is shown by Fig. 1 for the case b > a. 

In order to make ¢ traverse the contours just described we relate 
it to the variable ¢ by auth 
{= — > (1.10) 

ae‘?tb 
where we assume that b >a, so that the contour is as shown in 
Fig. 1. It may be verified that, as ¢ increases from —z to 7a, ¢ starts 
at —a/(b—a) and traverses the circle in a positive direction. This 
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follows from the fact that (1.10) represents a bilinear transformation 
connecting ¢ and the quantity ae’?, and that 

T? = a?+6?+ 2ab cos ¢, (1.11) 


which is real. 

We may make ¢ traverse the rectilinear part of the contour by 
letting ¢ go from —z-+ilog(a/b) to —7z as t comes in from —o to 
—a/(b—a), and then from z to 7-+7log(a/b) as ¢t retraces its path 
after going round the circle. These two contributions may be added 


together. 
When we apply these results to equation (1.5), it reduces to 
| dd e cl 


J, (w,)+ 


ery 


b+aei? ]Mu+») 
b+ae-'? 


J, (a)J,(b) 


f Darn 
mii “ 


log(a/b) 


“ / p—Uu)Mp+v) 
ee [au ee | evel (112) 
eu 


7 I— ae 


0 
where mw} = a?+6?+2abcos¢ and A? = a?+b?—2abcoshu. By 
setting p = e~“ in the last integral we obtain a form equivalent to 
equation (7.41) given in the first paper by Dixon and Ferrar.* 


The integral involving any cylinder function 

This section is devoted to the proof of a theorem in which the 
J,,.,(T) occurring in the integrands of the contour integrals is re- 
placed by any cylinder function. If T’*"F,.,(T) = C,,,(7) is any 
cylinder function, then f(a, b) defined by 


a-Hh-” f(a,b) = | M F,,,(T) dt (1.13 
Jo pete 


is a cylinder function of order p in a and v in b when the contour 
C is chosen so that the integral is different from zero and both 
(1—t)M F,.,,,(7) and tM F,,,.,(T) resume their original values 


rv 
after describing C. 
In the proof we find it convenient to introduce the variable 


Thus the equation satisfied by y = F,(7') ist 
dy | 


z dz 


dy | ly = 0, 


dz T 4e 


(v+1) 


+ Theory of Bessel Functions, § 4.31. 
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and hence, if 7**”F, ,,(7') is any cylinder function, we have 


dz 4 


This may be written in the form 


0= [Mate et tet + ‘| F4AT). 
c Z 


2 2 


a a d? 


p { - le 
0 x nM at || yt eta Qf 


ae etl tl, | ee 


ie ¢ €¢ ‘t-t])é&* ai-9 Fiusy 


— 


which, upon combining the last two terms in the coefficient of d?/dz* 

with the last two terms in the coefficient of d/dz to give the perfect 

differential, becomes, after integration, 
ed ptild 1 


0 [ wale wat ty |fu(t)+ [dom 


dF ,., 
dz , 


The brackets around the last term indicate that we have to subtract 
its value at the initial point of C from its value at the final point. 
We may use the result, derived from the definition of the cylinder 
function,* e 


2 Fy lP) = — geal) 

, . aie , ] 

to introduce a simplification. If we also notice that = and — 
dz 


2 dz 


4 


29 


are equivalent to - 3 and ae we may write our equation asf 
P o(a?)? 
M F(T) dt = {(1—-)M Fi syitl(T) | 
(1.15) 


If we take C so that the integrated portion resumes its original 
value after describing C, making the right-hand side of equation 
(1.15) zero, we see that the integral is a solution of a differential 
equation of the type (1.14), and hence is a cylinder function of order 
» in a divided by at. 

It may be shown in the same way that the integral is also a cylinder 
function of order v in 6 divided by 6”, provided a similar condition 
is satisfied. 

* Theory of Bessel Functions, § 3.9. 

+ Provided certain restrictions are satisfied. See Modern Analysis, §§ 4.2 
and 4.44, 
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This completes the proof of our theorem. The contours of equa- 
tions (1.4) and (1.5) satisfy the conditions of this proof. For example, 
by changing the variable in (1.4) to ¢’ = a*t-17'-*, we have 
the-wtew (1+,0+,1—,0—) 


7,0 _J0) = — Gare MT-»-"J_,_,(7) dt. 
— (4) - ») 4a sin m(+v) 7 a ) 
. (1.16) 


II. The generalized Weber -Schafheitlin integral 


In order to study a generalized form of the Weber-Schafheitlin 
integral* we find it convenient to establish two preliminary results. 
First, if (i) a and b are real and positive, (ii) R(u+v) > 0, (iii) f(—u) 

(0+) 
is continuous on the contour, and (iv) { |f(—w) dwu| converges, then 


(0+) (0+) 
i rbY fd Ps 
f(—w)J,(—au)J,(—bu) du = sth = dt | f(—u)Jp+(— Tu) du, 
; . 2at Jz TH , 
+o +2 (2.1) 
where L’ is the L-contour along which T is real. 
To prove this result we use equation (1.5) and justify the inter- 
change of the order of integration in 


(0+) 
* 


du f(—-w [ MT J, ,,(—Tu) dt. 
“a7 L 


7 
© « 
+o 


In order that the integral in w which results from the interchange 
may converge it is sufficient, from restriction (iv), that 7’ be real for 
all values of ¢on Z. From the discussion given in part I we see that 
when a and 5 are real it is always possible to find such a contour, 
e.g. Fig. 1, which is here denoted by L’. Then we may justify the 
interchange of the order of integration by showing that the double 
integral is absolutely convergent. 

Two positive numbers J and N may always be found such that, 
for all values of 7' and uw on the contours, 


Jue(—Tu)|< J and |MT-+-| < Nit|~. 
These inequalities follow from the facts that R(u-+-v) > 0, and T' is 
real on L’. We then have 


(0+ ) A (0+ ) P 
| |f(—u) du| |, |MT-+~J,,,(—Tu) dt| < | |f(—u) du |_ t-? dt 


+0 +o 


* Theory of Bessel Functions, §§ 13.4 and 13.46. 
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which establishes the absolute convergence, because both integrals 
on the right converge. Since the integrand is a continuous function 
of both variables and since the double integral is absolutely con- 
vergent, we may interchange the order of integration in (2.2) and 
thus obtain the equation (2.1). 

The second of our preliminary results may be found at once from 
(2.1) by taking f(—w) to be (—u)~, R(A) > 1, and then using Weber’s 
infinite integral* 

(0+) 


| dy Aa) _ —teT $(p—A-+ 1)sin(p—A+1)m 


J] uy PTH 


+a 


in which p = p+v. We obtain 


* J,(—au)J,(—bu) du 
(—u) 


(2.3) 





__ akb’(—t)sin(u+v—A-+ 1)a T3(u+v—A-+ 1) [ M dt 
= LV Tutv-Ati 


(2771) 2A DP 3(u+-v+A+ 1) 
which has been proved for R(u+v) > 0, R(A) > 1, and a and b 
positive. From this equation we may derive the hypergeometric 
series for the Weber-Schafheitlin integral by noting that for all points 
on L’ we have |a?/t| < |b?/(1—1#)| if a < 6. This enables us to expand 
T-»-»+-1 in ascending powers of a?(1—t?)/b?¢ and integrate termwise.t 
The fact that the value of the Weber-Schafheitlin integral when 
a > b is not the analytic continuation of its value when a < b{ may 
be regarded as due to the contour L’ passing on opposite sides of 
a singularity 7’ = 0 in the two cases. This may be seen by noticing 
that 7’ vanishes at the centre t = a?/(a?—b?) of the circular part 
of L’. 
We are now in a position to study integrals having more than two 
Bessel functions in the integrand. We start with the integral 


(—au)J,(—bu)J,(—u)( —u)~ du, 


where a and 6 are positive. By assuming R(A) > 1, R(u+yv) > 0, 
R(u+v+p) > 0, and letting f(—u) = J,(—u)(—u)-, we obtain from 


* Theory of Bessel Functions, § 13.24. 
+ Theory of Infinite Series, § 176. t Theory of Bessel Functions, § 13.4. 
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equations (2.1) and (2.3) 


A | | ds 
I= ———___... | Mdt ; 2.4 
D(A+oe x) (272)? LV’ ' zt” s¥ +v+1(] —g)pt+1 §2a ( ) 


where A = 2!~Aqeb’(—i)sin 27aT(a), 
: pt+v+p—A+ 1, 


and L’ and L” are the contours on which 7’ and S respectively are 
real. This result has been proved for all positive values of a and b, 
provided the other parameters satisfy the assumed restrictions. How- 
ever, we now assume a+b < 1, which simplifies the evaluation of the 
integrals in (2.4). Since the maximum value 7’ may have on L’ is 
a-+-b, we may represent the integral in s as a hypergeometric series 
in JT? for all values of ton L’. If, of a, b, 1, every two were together 
greater than the third, we should have to have one series for 7’ < 1 
and another for 7’ > 1. Thus, if a+b < 1, and es = p+v—p—A+1,* 


A Te 
M dt 
rap J, zit race, 


x),(B),.a2"—28h2s we 
=e » 3 8! (r—s) i eteer er oe 


By the use of analytic continuation we may show that (2.5) holds, if 
R(X) > —3 and a+b < 1. When the contour integral J is reduced 
to an integral having limits of zero and infinity and the double series 
rearranged, which is permissible on account of its absolute con- 


vergence, we obtain, if R(u+v+p+1) > R(A) > —3, and a+b < 1, 


- - ef (a+r+s)I(B+r-+s)a27b 
‘Pp r ] at 
(u)ju~* du Pe rls! I (u--r) II) 


. > 
0 r=0 s=-0 


ath’ T(x) 7 oz 

— F,{ x, 8; »+1,v+1; a*, b? 

AP —A)M (ul) Le Pie td et a, Be] 

(2.6) 

where P(u) = J,(au)J,(bu)J,(u), #, is the fourth kind of Appell’s 
hypergeometric functions for two variables, and, as before, 
2a = ptv+tp—A+1 and 28 = w+v—p—A+1. 


In some cases the function /, may be simplified. When A = 0 the 
4 e 


* Theory of Infinite Series, § 176. 
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double series may be expressed as the product of two hypergeometric 
series* and we have 


. 


; ab’ l'(p+-r) 
P lu = Fipt : l:z + yt] 
(u) du ilo) ra—) (p+7,7;+1;2z)F(p+7,7;v+1; Z), 


0 (2.7) 
where z(1—Z) = a?, Z(1—z) = 6?, and 27 = »+v—p+1. Again, if 


) 2—~ar + T(x) 
J (au)J (au)J(uju- du = —— att oo SD 
| alam (an)J(u) ripley * 
0 
; F, a, B, $(u+v+1), 3(u-+v+2); 4a* . (2.8) 
= pt+v+l1, p+, v+1 
By using equation (2.5) and repeating the analysis, we find that, if 
the integral converges and a+b-+-c < 1, 


F athrycP , 
Q(u)ju~ du = 5A, Sin 7 x 
2 





> 


— Myt+rt+s+or(s+r+s+tjab sc 
> 2 r!s!t! I(u+r)(v+s)I1(p+2) 


r=0 s=0 t=-0 
where 

Q(u) = J, (au)J,(bu)J,(cu)J,(u), 

2y = ptv+p+o—dA+ 1, 

and 28 = ptv+p—o—A+1. 
By this procedure we may obtain an expression for the integral 
involving as many Bessel functions as we desire, provided that the 
analogous conditions are satisfied. An idea of the general result may 
be obtained from the cases worked out. 


III. Series for the product of two Bessel functions 
3y expanding the Bessel function in the integrand of equation 
(1.4) we may derive the series 


(42) I sy eu(2) X 


M(u-+v)ek(1—a)t 2 
kT (+k) (v-+k) da®* 





ye+k(]—ayr+®, (3.1) 


* W.N. Bailey, Quart. J. of Math. (Oxford), 4 (1933), 305-8. 
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which holds except when p+ is a negative integer. We start with 
equation (1.4) written in the form 

J,,(22)J,(2—zar) == at(1—ax)A | M dtd-¥-"J,, .,(2d), 
where . 
A = aes 


and — 


P 


47 sin 7(u-+v) 


As we pointed out before, this equation holds except when p+v is 
an integer. We may expand the integrand by the ‘multiplication 
theorem’* J . nm eae . 
~ ty(2 ) Pes a z)k J (z) 
A\etY k! 2” Bt+vt+k\*)> 
k=0 
which holds for all values of » and v. The series converges uniformly 
with respect to ¢ and we may integrate equation (3.2) termwise to 
obtain x 
J (zx) J (z pee nfl yp SMe ayy y € 
J},(2x)J,(2z—zx) = x¥(1—2x) ———* (32), sy su(2), (3.3) 
0 


Ic 


where 


ig __ » 2k “bak 
ima { ASE a -eaetineie 


#(1—t)k —— |\p—hk 


for all values of /, if we assume that y is not an integer. 

When we express J, as a Jacobi polynomial, (3.3) becomes the 
equation (3.1). In the derivation we found it convenient to assume 
that neither » nor ~+v could be an integer. By examining the con- 
tinuity of both sides of equation (3.1) we find that it is subject only 
to the restriction that ~+v be not a negative integer. 

It is interesting to note that by carrying through the same steps 
we may derive the result 


J,,(zcos ¢ cos®)J,(z sing sin®) = ‘ ‘a ‘ cos! ¢ cos’ ® sin” ¢ sin’ ® > 
\ v 


a2) Fo(ut+v+1; —k, —k; +1, v+1; cos*¢, sin"), 
(3.4) 


where F, is Appell’s second type of hypergeometric function of two 
variables defined by 
x x , 
YON fe SS Amin BmBn 4. 
Fy(«; 8, B's y,y'3%,y) a. S > =a me my”. 
— at MN Vy Vn 


m=0 n=0 


* Theory of Bessel Functions, § 5.22. 
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IV. A generalization of the fundamental equations 
The method by which the fundamental equation (1.2) was found 
may be applied to a slightly more general function defined by 
: (0+) ‘di 
oe oan » ets ota 
Sn(2) = == | mai XPt—2P), (4.1) 


Qari 
where we take m and J to be integers to avoid a branch point at the 
origin ¢ = 0. Upon multiplying two such equations together we 
obtain 


(0+ 


(0+) 
1 dt 


) 
7 ' d 2 9 
fina \fn() 7 (5) pm+1 | aa exp(t-+-7—a@t\— br’) . 


Now we make a change of variable r’ = ¢-+-7 in the inner integral. 
Since we regard ¢ as a constant we have r = 7’—t and dr = dr’. If 
we take both contours (0-+-) as circles and make the circle for 7 large 
compared with that for ¢, the term r’—? in the denominator is almost 
the same as 7’ and hence does not cause trouble. The contour for 
7’ is then almost the same as that for 7 and may also be denoted 


by (O-+-). 
(0+) (0+ 


fn(a)f,(b) = (5-2) _ | nip = exp{r’—a*’—b*(r’—t)}. 

Since the integrand is a continuous function of both variables while 
they are on their respective contours, we may interchange the order 
of integration. After this we make the change of variable ¢ = 7’t’, 
where 7’ is now regarded as a constant so that dt = 7’ dt’ and the 
contour for t’ becomes (0+). The result is 


(0+) (0+) 
2 dt exnse’ —(r’\Va2(7’\A 2/7 7#’/A 
f,(a)f,(b) = a2 [ dr’ [ 7’ dt exp{r (r a (t ) + (1—t#’) Re 
‘ 2m i 4 (t mr(r jmtn+2(]—t yet 
We may again interchange the order of integration to get, upon 
using the definition (4.1) and dropping the primes on the ¢, 


(0+) 


e 3 dt 


Qi ¢m+t(] —t)"+1 


fn(@fn(b) = Sinsnly[CO+6(1—t)'}. (4.2) 
This equation may be regarded as a generalization of the equation 
(1.2), since the latter may be obtained by setting f,,,(4z) = J,,(z)/(42)™ 
and A = —1. 
It also happens that the parabolic cylinder function D,(z) and the 
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related Hermite polynomial may be expressed in terms of an integral 
of the form (4.1). We have for integer values of n* 
. (0+) : 
ei” D, (x) l exp(x7— 37°) dr 


> 


n! Qari qhtl 


which, after setting 7 = t/x, A = 2, z = 1/V2a, and 


, H (x 
f(z) = 0) 


xn! 
takes the form of (4.1). The equation corresponding to (4.2) may be 
written as 


(0+) 
m' 1! q~mpn bd } | 
H,,(a)H,,(b) fe m.n:a b | dt i. it ) 


(m+n)! 27i ¢m+1(] —t)PH1Y—m—n’ 
where U? = #?/a?+-(1—t)?/b?. Since this equation is quite similar to 
equation (1.2) involving Bessel functions, we are led to suspect the 
existence of results analogous to some of those derived in the fore- 
going work. For example, we may find that the contour along 
which U is real is obtained by expanding the loop around the 
origin indefinitely so that the only finite part consists of the line 
R(t) = a*/(b?+a*) parallel to the imaginary axis. Along this con- 
tour we have 
Hf, (a)H,,(b) “ot 
dy (1—y?)#™+H 


m+n 


m'!n !(b?-+-a?)hm +n +2) 


(m-+-n)! 2a (a--tby)”™**(b—tay)"** 


— ax 


The integrand has no singularities at y = +1 as may be seen by 
om a ry « 
writing out the Hermite polynomial. 


* Modern Analysis, § 16.6. 





ON THE CYCLICAL DISTRIBUTION OF THE / 


LOGARITHMS OF THE PRIME NUMBERS 
By AUREL WINTNER (Baltimore) 
[Received 11 August 1934] 


THE manner of recurrence of an almost periodic function > c, e-% 
is, according to Bohr, correlated with the diophantine properties of 
the sequence {A,,} of the frequencies, considered as cyclical variables, 
and conversely.* The main problems concerning the Riemann zeta- 
function centre about precisely this correlation. Since the modul of 
the frequencies of log {(0+-it) is the sequence of the logarithms of the 
prime numbers, it seems to be worth while to discuss the cyclical 
distribution of {log p,,} in detail. To this end use will be made of the 
prime-number theorem. As one might expect, {log p,} behaves, to 
modulus unity, like {logn}.+ A function for which {log p,} is the 
sequence of the frequencies ,, is } p, *, an ordinary Dirichlet series 
(o > 1) representing the dominant part of log {(s).t 

For a given sequence of real numbers @,, @p,... let m¢(m;&) denote 
the number of elements a, satisfying both conditions 


k = m, (a) < é, 
where (x) =a—[z] and 0<é<1l. 


Thus 4(m;€) is, for every m, a non-negative monotonic step-function 
not greater than 1; the functions 


o_(€) = limd(m;é), $,(€)=limd(m;sé) (0<E<1)— (I) 


mo mo 


are the lower and upper asymptotic distribution functions of the 
sequence {(a,)} resulting from the sequence {a,} by reduction to 
modulus unity. The deviation of our case a, = logp, from the 


* Cf., for instance, A. 8. Besicovitch, Almost Periodic Functions (Cambridge, 
1932), 53-4. 

+ The sequence {log n} has been considered by Poincaré and by Franel in 
connexion with the calculus of probability; cf. G. Polya and G. Szegé, Auf- 
gaben und Lehrsdtze aus der Analysis, 1 (Berlin, 1925), 73. 

{ The difference > p,*—log {(s) is an ordinary Dirichlet series which is 
convergent and absolutely convergent if ¢ > }. The Riemann hypothesis may 
be expressed by saying that the analytic continuation of > p;* has in the 
half-plane o > } only the trivial logarithmic branch-point s = 1. 

3695.6 F 
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Gleichverteilung case of Weyl (¢_ = £ = ¢,) turns out to be such 
that we have 

0<g()<F&<G(€Z)<1 (0<€<)}), 

(0) =0=¢4,(0) ¢()=1=¢,(1) 
Furthermore, the curve 7 = ¢_(&) is convex, the curve 7 = ¢,(&) 
concave (from below). Finally, every value 7 satisfying 

$(€) <1 < $4€) 

is a cluster value of the sequence ¢(1;£), 4(2;€),...; in fact, the dif- 
ference ¢(m-+-1;£)—¢(m;€) always tends to zero, its absolute value 
being less than 1/m. Thus we have, instead of a definite asymptotic 
distribution curve (¢_ = ¢,), an asymptotic distribution region, 
having the shape of a convex lens which is bisected by the line » = & 
of Weyl’s case. Both boundaries » = ¢_(€), 7 = $,(€) are expo- 
nential curves. An essential point in the proof is the fact that {log p,,} 
is everywhere dense to modulus unity. On the other hand, the funda- 
mental remark of Bohr regarding the linear independence of the 
numbers log p,, does not enter into these considerations. It may be 
mentioned that the treatment remains valid, if modulus unity is 
replaced by modulus c, where c ~¢ 0 but is otherwise arbitrary. 

Let C be the positively oriented boundary of a circle and let Q,, 
denote the point on C having the angular coordinate 27 log p,. Thus 
Q,, travels round C infinitely often when n > 00 and every are Q,, Q,, 41 
has the same orientation as C. Now the length of the arc Q, Q,,., 
tends to zero, since the ratio of two subsequent prime numbers 
approaches the limit 1. Consequently {Q,,} is everywhere dense on 
C. Hence there exists for every point « of the interval O<a< 1 
a sequence {j,,} of integers such that 

(log p;,) >a (n —> 00). (2) 

Let N(x) denote the number of prime numbers having a logarithm 
not greater than x. It is clear from the definition of ¢(m;€) that the 
number of prime numbers ; satisfying both conditions log p; < N(x), 
(log p,.) < € is N(x) d{N(x);€}. It follows therefore from the defini- 
tion of N(x) that 


N(x) ${N(@);€} = N(14€)—N(1)+-N(244)—N (2)... + 
+N{{a]—1+}—N{[x]— 1} + N{min(z, [w]+é)}—N{[x}}. 

It is easy to see that the prime-number theorem may be written in 

the form N(x) ~ e/x. (4) 
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Hence N(n+é) ~ e”**/n, which implies 
n—1 n—1 
See) S'S ee). 
K=1 K=1 


n—1 


Thu: Nk+é) ~ -—_, 5 
1us 2. (k+€) (e—I)n (5) 
n—1 
since (e—1) > e&/k ~ e®/n. 
k=1 


Putting x = n+(logp;), where n and j are arbitrary, we have, 
from (3), 


N{n-+ (log p;)} ${N (n+ (log p;));§} 


= "S Mk+e)— S N(b) +N {n-+min((log P;),€)}—N(n). (6) 


Since {(log p;)} is everywhere dense in the interval 0 < x < 1, every 
positive integer is representable in the form N(n-+-(log p;)). Hence we 
may use (6) in calculating the functions (1). Now, if 7 = j,,, where {j,,} 
satisfies (2), then ¢{N(n-+-(log p;));£} approaches a limit F = F(€, «) 
if m > 00; in fact, 

é—1 . 

e*F(é, a) = —s + min(e%, ef)—1, (7) 
in virtue of (6), (5), (4), (2). Since there exists for every point a of 
the interval 0 < a < 1 a sequence {j,,} satisfying (2), and since every 
subsequence of {n} contains a subsequence {j,} satisfying (2) for 
some «a, the two functions (1) are the minimum and the maximum, 
respectively, of F(€,«) in the interval 0 < a < 1. Now, from (7), 


e“F(é,«)—e* = —_—_—1, if 0<a<&, (7a) 


e“F(é,a) =e, if §<a<l. (7b) 


The function (7a) is negative or zero since € < 1. Hence the mini- 
mum and the maximum of F(é,a) in the interval 0 < a < & are 
attained at «a = 0 and « = é respectively and have therefore, accord- 
ing to (7a), the values 
a | —t—} 
: and © 


e—1 gi} 


(8) 


Similarly, the minimum and the maximum of F(é,«) in the interval 
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€<a<1 are attained, according to (7b), at a=1 and a=é 
respectively and have therefore again the values (8). The functions 
(8), being the minimum and the maximum of F(£,«) in the whole 
< 1, represent the lower and upper asymptotic dis- 


tribution functions (1). This pair of explicit formulae implies the 


range 0 < a: 


situation described at the beginning. 














A NOTE ON REDUCIBLE AND IRREDUCIBLE / 


DISSECTIONS 
By B. KAUFMANN (Leeds) and H. D. URSELL (Leeds) 
[Received 2 August 1934] 


1. In recent years the remarkable work of Urysohn* and Alexandrofft 
on closed surfacest has not only brought to light some of their deepest 
structural properties but has at the same time shown how well worth 
study they are. In a paper just published§ one of the present 
authors has established a new structural property of a two-dimen- 
sional closed surface. The proof involves the consideration of the 
dissection of a spherical region by the parts of the closed surface 
inside it. Now one might expect that a part of the closed surface 
could be found which would be a closed surface relative to the 
spherical region, i.e. a set F dividing the region into two domains 
G,, G., each having F for its set of boundary points inside the region. 
3ut this is not possible in general. 

A dissection of a space R by a closed set F is termed irreducible, 
if each of the domains G,, G,,..., into which R—F breaks up has 
F for its boundary. One might expect that a part of the closed surface 
could be found which would yield an irreducible dissection of the 
spherical region. But even this is not in general possible. 

Knaster|| has in fact constructed a dissection of the plane by a 
continuum K which contains no irreducible cut of the plane. K is 
the common boundary of an unbounded domain g, and a bounded 
domain g,, but there are other domains 9», g3,..., whose boundaries 
are contained in K without being identical with K. Let q be a square 
containing XK in its interior. Translate the plane figure at rivht angles 
to itself through a distance equal to the side of g. Then g, describes a 


cylindrical region g whose boundary 


F = K+9j4+9; 


* Urysohn, Fund. Math. 7 (1925), 30. 

+ Alexandroff, Annals of Math. (2) 30 (1928), 101. 

{ An n-dimensional closed surface is a closed set F' in an (n+ 1)-dimensional 
space R dividing R into precisely two domains G,, G, and being the common 
boundary of these domains. For n = 1 we get Schoenflies’ definition of a 
closed curve. § Kaufmann, Proc. Cambridge Phil. Soc. 30 (1934), 428. 

Knaster, Fund. Math. 7 (1925), 264. Our continuum K may be obtained 
from his F(R)) by an inversion. 
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is a closed surface. At the same time q describes a cube g which is 
topologically equivalent to a sphere: and no part of F yields an irre- 
ducible dissection of q. 

Here we have solved a three-dimensional problem trivially by 
means of Knaster’s two-dimensional example. But the problem has 
a two-dimensional analogue and this analogue cannot be reduced so 
easily to a known result. In order to solve it we have constructed a 
Schoenflies curve contained in a square relative to which it contains 
no irreducible cut. 

A regular surface* is a set F which is the common boundary of two 
domains G,, G,. It is more general than a closed surface in that there 
may be other domains Gs, G,,..., in R—/’, and it is more general than 
an irreducible cut in that the boundaries of G,G@,,..., need not be 
identical with F. The theorems of Urysohn and Alexandroff apply 
to all regular surfaces, not simply to closed surfaces. 

Now, if a regular surface F meets a neighbourhood U (and there- 
fore dissects U), then a part of F can be found* which gives a regular 
dissection of U. These regular dissections of U are important in the 
paper} referred to above. The properties distinguishing closed and 
irreducible surfaces in the wider class of regular surfaces, however 
important for the surface as a whole, are completely lost when we 
consider local structure: and accordingly this paper will deal 
throughout with the wider class. 

2. We proceed now to construct our Schoenflies curve. We divide 
a square into vertical strips y,, y2,... converging on to the right-hand 
side of the square. We shall construct inside this square a sequence 
of domains g,, 7,..., and the boundary of g, will give us our Schoenflies 
curve. 

The first approximation to g, consists of the strip y, plus a hori- 
zontal strip y, laid along the bottom of the square. For > 1, the 
first approximation to g, is an L-shaped figure lying in y, whose 
horizontal arm stretches across y,, from y,,_, to y,,,;, While the vertical 
arm adjoins y,,_, and reaches to the top of the square. For n = 2 the 
L rests on g, but, with this exception, these first approximations have 
positive distances from one another. The horizontal segment at the 
top of the vertical arm of g,, we shall call the mouth of g,,. 

At any stage in the construction we shall speak of a part of the 


* Urysohn, l.c., 95. 
+ Kaufmann, Proc. Cambridge Phil. Soc. 30 (1934), 428. 
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square not yet entered by the domains g, as a white region. There 
is a white region now in y,. It is bounded by the right bank of g, 
and the left bank of g5, it has a mouth open to y, and in Fig. 1 an 
arrow is drawn from its source to its mouth.* 

From yp we draw a strip upwards through the middle of y, until it 
is level with the middle of the mouth of the white region. The strip 
then turns to the left, enters the white region and follows it up almost 
to the source, keeping always midway between the two banks of the 
white region. By adding this broken strip to g, we make g, approxi- 
mate the left bank of g, and the right bank of g,. 
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Next we produce the domain g, so that it borders both sides of the 
region just added to g,. The method of beginning and ending this 
border is shown (for the next stage of the construction) in Fig. 2: 
throughout the construction g, will border g, in this way. 

In y.+y 3 there are now two white regions: the first is bounded by 
the right bank of g, and the left bank of g,, while the second, which 
does not enter y, and has a mouth above the mouth of the first, is 
bounded by the right bank of g, and the left bank of gj. 

At the beginning of the nth stage in the construction there are 
n—1 white regions in y,+...+y,, of which the rth, which does not 
enter y, and has its mouth to y,,, above the mouth of the (r—1)th, 

* It may be useful to think of the square as an island, the domain g, as 


dry land, the domains 9p, g3,..-, as rivers, and the white regions as country so 
far unmapped or unexplored. 
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is bounded by the right bank of g,,, and the left bank of g,,.. From 
y) we draw a strip upwards through the middle of y,,,;. From this 
strip there branch off to the left n—1 strips which enter the white 
regions and follow them almost to their respective sources. All these 
strips are added to g, and g, is then produced so that it borders them. 
Next g, is turned back on itself and made to follow g, (without touch- 
ing it) through all the white regions except the first. Then g, is made 
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to follow g, through all the white regions except the first two, and 
so on. In this way we make g, (r > 1) approximate its own right 
bank, both banks of 9,41,9,495---»Jn, and the left bank of g,.,. We 
end up with n white regions in y,+...+y,4,, the nth lying entirely 
in y,,4,; and coming into the construction now for the first time. 
Consider the final result of these constructions. Every boundary 
point of g,,,, other than the points of its mouth, is also a boundary 
point of g,. And every boundary point of the square, other than the 
points of the mouths of gp, g3,..., is a boundary point of g,. It follows 
easily that every boundary point of the domain g, obtained by adding 
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all the domains g»,93,... and their mouths to the outside of the 
square is also a boundary point of g,. But every boundary point of 
g, inside the square is also a boundary point of g,, and hence every 
boundary point of g, is also a boundary point of gj. Thus the 
boundary of g, is a Schoenflies closed curve. 

Now denote by 6, the boundary of g, relative to the square, i.e. the 
part of the boundary of g, which lies inside the square. Then 


b, = 6,3 6,3 6... 
But g, has boundary points inside y,, while g,,, does not enter y, (r > 1), 
and hence b, by # ky... 


Now let B be a dissection of the square contained in b,, let G, be the 
complementary domain which contains g,, and let G, be some other 
complementary domain to B. Since b, and the domains g, fill up the 
square, G, must contain at least one domain g,, say g;. Then every 
point of b, is a limit point of G,. But every point of b, is also a point 
of b, and hence a limit point of G,. Hence 
Bd by > bp 41, BF by. 

Since b,,, dissects the square, B is reducible and so 6, contains no 
irreducible dissection of the square. 














J ON THE DIVISION-VALUES OF WEIERSTRASS’S 
g-FUNCTION 


By KURT MAHLER (Groningen) 
[Received 3 October 1934] 


Suppose that g, and g, are two rational numbers with 
A = g3—2793 # 0, 
and that w, w’ are the fundamental periods of Weierstrass’s function 
Q(u) = P(uU\go,93) = P(U; w, w’). 
It is well known that all division-values 
hw+h'w’ 
Qe 
n 
where n ~ 0 and h, h’ denote integers, are algebraic numbers. 
intend to give a simple method for finding all division-values which 
are rational numbers, and shall show that their number is finite. 


1. By the duplication theorem for Weierstrass’s ¢-function 
((2u) ese e(u)*+ 39> Plu +295 (0(u) +469 2 (1) 
| 460(u)>—g2 P(u)—9 
Here the two polynomials 
Py(t) = 4+ 3920+ 293t+1692, 
Qo(t) = 4° —got—gs 
have no common factor; for to every given value of (2) there must 
be exactly four (different or equal) values of (uw) which satisfy (1), 
since both functions (2u) and (wu) are even and the first one is of 
order eight and the second one of order two. By hypothesis g, and gs 
are rational; therefore we can determine an integer NV + 0, such that 
both polynomials 
P(t) = N(t*+ 3920+ 293t+-Fe92), 
Q(t) = N(4P°—g.t—gs) 
have integer coefficients. We write 
P(x, y) = N(x*-+4922°y? + 29,0y? + Fe92y"), 
Q(x, y) = N(42°y—g.ry°—9gsy*) 
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for their corresponding binary forms of degree four. The resultant, 
say R, of these forms is not zero; hence there exist cubic forms 


P(x,y), Q(x.) and P(x,y), Qs(x,y) 
with integer coefficients such that identically 
P(x, y)P,(x, y)+Q(z, Y)Q3(x, y) — Re’, 
P(x, y) P(x, y) + Q(x, y) Q(x, y) = Ry’. 
These identities show that for coprime integers p and q the greatest 
common divisor 5 = (P(p,q), Qp.9)) 
must be a factor of R and therefore is not greater than | R|. 


2. When, for a certain argument u, the value (uw) is a rational 
number, then ¢(2u) is also rational. Suppose 


e(u)=", e(2u)=—%, 
q 8 

where p and q as well as r and s are coprime integers, 
i.e. (p,q) = 1, if; 8) == 1. 


3y the duplication theorem 


r= = P(v.d), 


where 
since 
Hence 
ee a1 P 1 . P 
rs? = StP(p.9? + Op,9)"} > zat Pv. a? + Op, a}. 

Now the binary form of degree eight 

P(x, yP+Q(x,y)? 
is positive definite; therefore there exists an absolute positive con- 
stant C, such that, for all real x and y, 

P(x, yP?+Q(x,yP? > C(e?+y*), 

and, in particular, C 

A(2u) > — {A(u)}, 

R 

where A(u) and A(2u) denote the arithmetical functions 


A(u) = p?+¢@, A(2u) = r?+-8?. 
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3. Suppose that C\-1 
A(u) > (a “ 
: : C\-3 
Then A(2u) > A(u) > Rm) 


and therefore 
A(u) < A(2u) < A(4u) < A(8u) <.... 
Thus no two of the rational numbers 
e(u), @(2u), g(2u), g(2%u).... 
are equal. 


Now let fs = ) = . 


n q 
be a division-value which is a rational number. Then all expressions 


of) (f = 0,1, 2, 3,...) 


n 





are also division-values with the same denominator n, and they too 
are rational numbers. But there exist at most n? division-values of 
denominator »; hence the numbers 
hw+h'w’ 
of aA (f = 0,1,2,3,...) 
n 


cannot all be different. Therefore we cannot have 


g[toth'o’) — (C)\-4 

n R} ’ 

‘ae, ee 

but must have —_ = < (a of 
n Rk? 


There is only a finite number of solutions of the inequality 


C\-4 
A(u) < R ; 


and they include all division-values which are rational, and so the 
number of these also must be finite. 

4. Our proof gives a method of determining all division-values 
which are rational numbers. 

It is possible, in any special case, to find a constant C and the 
resultant R. Then we write down all the N fractions p/q, where p 
and g are coprime integers with | 


prtg? < C\4 
v qd “= R " 
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When p/q is one of these fractions, then we calculate the first N+1 
members of the sequence 


p P: _ P(p.q) P2 _ P(p,,%) Ps __ P(P2,42) 


Gq OP d% QOWPy%) Gs QP)’ 
If any one of these fractions, say p,/q;, does not satisfy the condition 
Pit+G = (Fe J 
then p/q is not a division-value. When, however, all members of the 
set satisfy this inequality, then two members of the set, say p,/q; and 
p;/q;, must coincide. 
If p/¢ = @(u), then 
Pi _ gaiu), 75 = e(2iu), e(2'u) = e(2/u); 
4i q; 
hence 2'u = +2/u (mod w,w’). 
Therefore “= Reo Reo" 
n 
where n is a divisor of (2'—2/)(2'+2/), ie. of 2?(—2?/, and h and h’ 
are integers, and thus 


Pp _ oer *") 


n 
is a division-value in this case. 
It is not difficult to show, by way of example, that, when g, = 4, 
Jz — 0, there are no rational division-values of the ¢-function other 
than (4), O(4w’), E(4w+4w’). 











AN INEQUALITY 
By G. SZEGO (St. Louis) 


[Received 11 January 1935] 






(Extract from a letter to Professor G. N. Watson) 
ALLOW me to make a few observations about your note* just pub- 
lished in the Quarterly. You say there that you have not obtained 
any results comparable with the left-hand inequality in Pélya’s 
theorem. May I point out that the general inequality of the arith- 
metic and geometric means (which you also use) gives at once 


2 Prloguta) <tog(u+ 22%) (Sp, =P) 


that is to say, 
TI (w+a,)?» < (u+M)P (M = > p,a,/P), 
and consequently 


8) =e 
fa 


du ae du 
| { Tl (u + a, )Pr}JA+UP ail | (u m M )AP +1 
0 0 
1 ] 
~ APM” ~ APY p,a,/ PPP’ 
Your own line of argument can be varied in the following way: 


> p, log(u+e) 
P 
so that T] (ut+a,)?» > (u+ G)P (G4 =[] a?”*), 


and consequently 


(1) 


> log(u+e=?»lP) (a, = e%), 


x x 


j du oe | du 
J {TI (uta, pre * J (u+@yprn 
0 0 
2 a (2) 
APGAP  AP(TT a?) 
The proof in this form depends essentially on the convexity of 
y = log(u+-x) as a function of x in the positive y-direction, and 
of y = log(uw-+-e*) as a function of x in the negative y-direction, with 
u> 0. 
* G. N. Watson, Quart. J. of Math. (Oxford), 5 (1934), 221-3. 
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In Pélya’s case (1) gives 





1 r du 3 
2 J V{(a?+-u)(b?+-u)(?+u)} “ J (arial 


yeu 
~ > be/a 
the last step being obtained by inserting 
be ca ab 
Pat aoe e 
in 
(B—yP+(y—aP+(a—BP > 0, = (a+ B+y)? > 3(By+ya+o8), 
so that (1) is an improvement on Pélya’s inequality. 
Your arguments yield also the more general inequality 


- < val : | (0 < uw < Ug) 
J Teter “earn, 
Hence, in the special case just mentioned, it follows that: 
The capacity of a shell bounded by two confocal ellipsoids with given 
volumes is a minimum for concentric spheres.* 
By the way, you will find both the bounds (abc)-* and 
{4(a?-+-b?+-c*)}-* for the expression in (3) already given in my solu- 
tion of Pélya’s problem.t 


* Cf. my paper in Math. Zeits. 
+ Archiv d. Math. u. Phys. (3) 28 (1919), 81-2. 


31 October 1934. 








THREE-DIMENSIONAL MANIFOLDS (CORRIGENDUM) 
By J. H. C. WHITEHEAD (Ozford) 
[Received 8 January 1935] 


Theorem | in my recent paper,* on which the other theorems depend, is false. 
To see this, consider a three-dimensional projective space P, represented as 
the interior and boundary of a region in Euclidean space, the boundary being 
a sphere on which diametrically opposite points correspond to the same point 
in P. Gouge out a tube joining two 2-elements E, and E,, on the boundary, 
such that #, and EL, between them contain no two points with the same image 
in P. If Hj is the element with the same image as £,, fix the tube on as 
a ‘tail’, 2, being attached to EZ}. The result is a region bounded by a torus, 
which corresponds to P in such a way that the neighbourhood of each point 
is in (1, 1) correspondence with its image. Moreover, a circuit which does not 
bound in the ring-shaped region is deformable into a point in P. A ‘reduced 
model’ for which theorem 1 is false is obtained by cutting the ring open along 
a suitable 2-element. 

The argument fails on page 316. For the vertex a%*! may have been already 


identified with a vertex on L,. That is to say, a circuit on R”*! may have 
the same image as an open segment on R,. What is in fact constructed by 


the method used there is a region in Euclidean space, corresponding to the 
manifold in a transformation which is locally (1, 1) except along certain branch 


curves. 
* Quart. J. of Math. (Oxford) 5 (1934), 308-20. 








